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Abstract: We study dynamics of (anomalous) Galilean superfluid up to first order in
derivative expansion, both in parity-even and parity-odd sectors. We construct a relativis-
tic system – null superfluid, which is a null fluid (introduced in [16]) with a spontaneously
broken global U(1) symmetry. A null superfluid is in one to one correspondence with
Galilean superfluid in one lower dimension, i.e. they have same symmetries, thermody-
namics, constitutive relations and are related to each other by a mere choice of basis.
The correspondence is based on null reduction, which is known to reduce the Poincare´
symmetry of a theory to Galilean symmetry in one lower dimension. To perform this
analysis, we use offshell formalism of (super)fluid dynamics, adopting it appropriately to
null (super)fluids.
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1 | Introduction and Summary
Hydrodynamics is an effective description of low energy fluctuations of a quantum system around
thermodynamic equilibrium. In this description, we assume the hydrodynamic system, known
as a fluid, to be at a finite temperature, and study its fluctuations at length scales much larger
than the mean free path of the system. In this limit and far away from any second order phase
transition point, a fluid can be described by a small number of degrees of freedom known as hy-
drodynamic modes: temperature, chemical potential(s) and normalized fluid velocity. Various
conserved currents of the system can then be written in terms of these hydrodynamic modes, ar-
ranged as a perturbative expansion in derivatives, known as fluid constitutive relations. At any
particular order in derivative expansion, constitutive relations contain all the possible indepen-
dent tensor structures allowed by symmetry at that order, multiplied with unknown coefficients
known as transport coefficients. If the underlying quantum theory has a continuous global sym-
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metry which is spontaneously broken in the ground state, then the low energy fluctuations can
contain massless Goldstone modes corresponding to the broken symmetry. Therefore for fluids
with a spontaneously broken symmetry, known as superfluids, hydrodynamic modes also contain
these Goldstone modes. This leads to a considerable modification of the constitutive relations,
adding new tensor structures containing the derivatives of the Goldstone modes and hence new
transport coefficients. In this paper, we work out the most generic constitutive relations of a
Galilean superfluid up to first order in the derivative expansion.
Superfluidity was first observed in liquid helium by [1, 2] in 1938, while studying its flow through
a thin capillary. They observed that liquid helium flows through the capillary without any dis-
sipation, hence inspiring the name“superfluid”. Other than this dissipationless flow, superfluids
have many more striking features, such as upon rotation they develop vortices (quasi-one-
dimensional strings whose number is proportional to the externally imposed angular momen-
tum). Furthermore, their specific heat shows a sudden change in behavior at a certain critical
temperature. Above the critical temperature system behaves like an ordinary fluid, though as
the temperature drops below the critical temperature, system undergoes a phase transition from
the ordinary fluid phase to the superfluid phase.
Study of superfluid dynamics has been a topic of interest for a long time. First theory of su-
perfluid dynamics was written down by London [? ] in 1938, followed by a two-fluid model
of superfluids proposed by Landau and Tisza [3, 4] in 1940s. They studied ideal superfluids
in a non-relativistic setting, which was later generalized to describe a relativistic superfluid by
[5–10]. The subject was recently revisited by [11–13], who re-derived the relativistic super-
fluid constitutive relations using the second law of thermodynamics and equilibrium partition
functions. Among other interesting results, they found that up to first order in derivative ex-
pansion, a relativistic superfluid is characterized by pressure (at ideal order), 23 parity-even
and 7 parity-odd first order transport coefficients and 2 undetermined constants including the
anomaly constant (after imposing Onsager relations and CPT invariance these numbers drop
down to 16 parity-even and 6 parity odd transport coefficients and one anomaly constant). See
table (1) for a summary and §2 for more details.
In this paper, we perform a similar exercise for Galilean superfluids. We derive the constitutive
relations for a Galilean superfluid consistent with the second law of thermodynamics, up to first
order in derivative expansion, both in parity even and odd sectors. Study of Galilean superfluids
is important because it provides a laboratory to probe many-body physics in extreme quantum
regime with high-precision [14]. Relativistic effects are important in high-energy superfluids,
where mass of the constituents is small compared to their kinetic energy, e.g. quark superfluidity
in compact stars. In contrast, for low-energy systems such as liquid helium and ultra-cold atomic
gases, a Galilean framework is more ideal.
Recently in [15, 16], we established that one can derive the most generic constitutive relations
for an ordinary Galilean fluid starting from a relativistic system, namely a null fluid in one
higher dimension, followed by a null reduction1 [18]. Loosely speaking, null fluid is a fluid
coupled to a background with fields: a metric gMN , a U(1) gauge field AM and a covariantly
1Null reduction of an ordinary relativistic fluid gives us a constrained Galilean fluid as found in [17].
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constant null isometry V = {V M ,ΛV } with V MAM +ΛV = constant. We call this background a
null background2. Theories on a null background, which we call null theories, are demanded to
be invariant under V preserving diffeomorphisms and gauge transformations. Upon performing
null reduction, i.e. choosing a basis {xM} = {x−, t, xi} such that V = {V = ∂−,ΛV = 0}, these
restricted transformations reduce to the well known Galilean transformations on the background
spanned by coordinates {t, xi}. It suggests that null theories are entirely equivalent to Galilean
theories, and are related by merely this choice of basis. It follows that a fluid on null background
– null fluid is entirely equivalent to a Galilean fluid. Their constitutive relations, conservation
laws, thermodynamics etc. match exactly to all orders in derivative expansion. Due to presence
of an additional vector field V M , constitutive relations of a null fluid are vastly different from
those of a relativistic fluid and contain many more transport coefficients. This accounts for
the additional transport coefficients in a Galilean fluid as compared to a relativistic fluid, while
at the same time establishing that the most generic Galilean fluid cannot be gained by null
reduction of an ordinary relativistic fluid.
In this paper, we take the construction of null fluids one step further to include null superfluids,
i.e. we construct a null fluid with a spontaneously broken U(1) symmetry. The corresponding
Goldstone mode is a new field in the theory and modifies the constitutive relations of an ordinary
null fluid. Once we have the constitutive relations for a null superfluid, corresponding Galilean
superfluid constitutive relations follow trivially via null reduction. We find that up to first order
in derivatives, a Galilean superfluid is described by pressure P (at ideal order), a total of 51
first order transport coefficients and two unknown constants including the anomaly constant.
Out of these 51 coefficients, 38 lie in parity-even sector while 13 are in parity-odd sector.
Furthermore, only 22 parity-even and 3 parity-odd coefficients are dissipative. Out of the non-
dissipative coefficients, 3 parity-even and 3 parity-odd coefficients describe equilibrium physics,
while the remaining 13 parity-even and 7 parity-odd coefficients describe non-dissipative effects
away from equilibrium. Finally, following the intuition from relativistic superfluids and known
Galilean results in [20], there are hints that the 7 parity-even non-dissipative non-hydrostatic
coefficients and 3 parity-odd dissipative coefficients are switched off using Onsager relations
(imposing microscopic reversibility of field theories). This would imply that the parity-odd
sector is purely non-dissipative. However, a detailed microscopic calculation is required to
establish confidence in these Galilean Onsager relations, which we do not perform in this paper.
In table (1), we have summarized the counting of transport coefficients for the most generic
Galilean superfluid, along with a comparison with relativistic superfluids reviewed in §2, and
known results for ordinary Galilean and relativistic fluids.
Another recent development in hydrodynamics is offshell formalism introduced by [21–23], which
streamlines the analysis of constitutive relations in accordance with the second law of thermody-
namics, up to arbitrarily high orders in derivative expansion. We have reviewed this formalism
in §2. In a nutshell, for ordinary fluids the formalism requires us to consider a version of the
2Here, definition of null backgrounds has been adapted to a torsionless spacetime. For backgrounds with
torsion, look at [19].
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Relativistic Relativistic Galilean Galilean
Fluid Superfluid Fluid Superfluid
Hydrostatic 0 + 0˜ 2 + 2˜ 0 + 0˜ 3 + 3˜
Non-hydrostatic non-diss. 0∗ + 0˜ 7∗ + 4˜ 1∗ + 0˜ 13∗ + 7˜
Dissipative 2 + 0˜∗ 14 + 1˜∗ 5 + 0˜∗ 22 + 3˜∗
Total 2 + 0˜ = 2 23 + 7˜ = 30 6 + 0˜ = 6 38 + 1˜3 = 51
Total (with Onsager) 2 + 0˜ = 2 16 + 6˜ = 22 5 + 0˜ = 5 25 + 1˜0 = 35
Hydrostatic Constants 3˜ + 1˜anomaly 1˜ + 1˜anomaly 4˜ + 1˜anomaly 1˜ + 1˜anomaly
Table 1: Counting of the independent first order transport coefficients consistent with the second law
of thermodynamics. The numbers with a “tilde” represent the parity-odd count (in 3 spatial dimensions)
while the “un-tilde” numbers are the parity-even count. The coefficients with an “asterisk” drop out on
imposing Onsager relations (microscopic time-reversal invariance). Finally, in the last row we have given
the number of undetermined constants including the anomaly constant. In both relativistic and Galilean
cases, we have gotten rid of a hydrostatic coefficient by redefinition of the U(1) phase ϕ.
second law of thermodynamics which is valid for thermodynamically non-isolated fluids,
∇µJµS +
uµ
T
(
∇νT µν − F νρJρ − Tµ⊥H
)
+
µ
T
(
∇µJµ − J⊥H
)
= ∆ ≥ 0. (1.1)
Since the fluid is not thermodynamically isolated, it is allowed to interact with its surrounding
and hence conservation laws are no longer satisfied. Therefore the original second law ∇µJµS ≥ 0
has been modified with combinations of the conservation laws. We need to find the most generic
constitutive relations for T µν , Jµ allowed by symmetries (modulo terms related to each other
by conservation laws) which satisfy eqn. (1.1) for some entropy current JµS and ∆ ≥ 0. When
we move to superfluids, we have an additional field ϕ (the Goldstone mode) which comes with
its own equation of motion K = 0, the Josephson equation. Going offshell in ϕ, conserva-
tion equations get modified by combinations of K, and the second law of thermodynamics for
thermodynamically non-isolated superfluids takes the form (see [24] for more details),
∇µJµS +
uµ
T
(
∇νT µν − F νρJρ −Tµ⊥H − ξµK
)
+
µ
T
(
∇µJµ − J⊥H +K
)
= ∆ ≥ 0. (1.2)
Note that contrary to the philosophy of [21–23], though we have gone offshell in ϕ we have
not modified the second law with a multiple of K. Rather, we require the second law of
thermodynamics to be satisfied even for offshell configurations of ϕ. Next, we find the most
generic “superfluid constitutive relations” T µν , Jµ, K allowed by symmetries (modulo terms
related to each other by conservation laws or the Josephson equation) which satisfy eqn. (1.2)
for some entropy current JµS and ∆ ≥ 0. In §3, we have extended this formalism to null
(super)fluids, and used it to work out the constitutive relations of a null/Galilean superfluid up
to first order in derivative expansion.
The paper is organized as follows: we start §2 with a review of offshell formalism for rela-
tivistic hydrodynamics. Readers well familiar with this formalism can skip to §2.2 where we
have reviewed offshell formalism for relativistic superfluids and used it to work out respective
constitutive relations up to first order in derivative expansion. Next in §3, we introduce off-
shell formalism for null superfluids and find respective constitutive relations up to first order in
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derivative expansion. The null superfluid results have been reduced to Galilean superfluids in
§4. These are the main results of this paper. Finally, we conclude with some discussion in §5.
The paper contains two appendices: in appendix (A) we present equilibrium partition function
for null superfluids and in appendix (B) we give details of some computations glossed over in
the main text.
2 | Revisiting Relativistic Superfluids
Before starting with null superfluids, it is instructive to revisit the relativistic superfluids first.
It will help us appreciate the similarities between the two systems, while at the same time
allowing for an isolation of the differences. Needless to say, all the results in this section have
already been worked out in the literature [11–13], however our approach will be slightly different.
We will work in the “offshell formalism of hydrodynamics”, which was introduced for ordinary
(non-super) fluids in [21, 23], and later extended to superfluids in [24].
2.1 Offshell Formalism for Relativistic Ordinary Fluids
Let us begin with ordinary relativistic fluids. Consider a d-dimensional manifold Md equipped
with the background fields: a metric gµν and a U(1) gauge field Aµ. Physical theories coupled to
Md are required to be invariant under diffeomorphisms and U(1) gauge transformations. These
act on the said background fields as,
δXgµν = £χgµν = ∇µχν +∇νχµ, δXAµ = £χAµ + ∂µΛχ = ∂µ (Λχ + χνAν) + χνFνµ, (2.1)
for some diffeomorphism and U(1) gauge parameters X = {χµ,Λχ} respectively. In this work we
will only be interested in a particular class of these theories – fluids, which are are the universal
near equilibrium limit of quantum field theories. Near equilibrium, the spectrum of any quantum
field theory on Md must contain an energy momentum tensor T µν and a charge current Jµ.
These quantities satisfy a set of conservation laws (here∇µ is the covariant derivative associated
with gµν , Fµν = ∂µAν − ∂νAµ is the field strength associated with Aµ and Tµ⊥H , J⊥H are Hall
currents carrying the anomalous contribution to the conservation equations),
∇µT µν − F νρJρ − Tν⊥H = 0, ∇µJµ − J⊥H = 0, (2.2)
provided that the system is thermodynamically isolated. In fact, eqn. (2.2) can be taken as a
definition of thermodynamic isolation for near equilibrium quantum systems. The conservation
laws eqn. (2.2) can also be thought of as a ‘near equilibrium version’ of the first law of ther-
modynamics, which imposes the conservation of not just energy, but also momentum and U(1)
charge. Formally, we define an (ordinary) fluid as a near equilibrium system characterized by
the currents T µν , Jµ, with dynamics given by the conservation laws eqn. (2.2) imposed as the
‘equations of motion’. Since eqn. (2.2) are (d+ 1) equations in d dimensions, they can provide
dynamics for a fluid described by an arbitrary set of (d + 1) variables. We choose these to be
a normalized fluid velocity uµ (with uµuµ = −1), a temperature T and a chemical potential
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µ, collectively known as the hydrodynamic fields (modes). A fluid hence is completely char-
acterized by a gauge-invariant expression of T µν , Jµ in terms of gµν , Aµ, u
µ, T , µ, known as
the hydrodynamic constitutive relations. The near equilibrium assumption allows us to arrange
these constitutive relations as a perturbative expansion in derivatives (known as derivative or
gradiant expansion), consistently truncated at a finite order in derivatives.
Being a thermodynamic system, a fluid is also required to satisfy a version of the second law
of thermodynamics, stating that there must exist an entropy current JµS whose divergence is
positive semi-definite everywhere, i.e.,
∇µJµS = ∆ ≥ 0, (2.3)
as long as the fluid is thermodynamically isolated (i.e. conservation laws eqn. (2.2) or equiv-
alently the first law(s) of thermodynamics are satisfied). The job of hydrodynamics now is to
find the most general constitutive relations T µν , Jµ and an associated JµS , ∆ order by order
in derivative expansion, such that eqn. (2.3) is satisfied for thermodynamically isolated fluids.
This task has been extensively undertaken in the literature [25–30].
The problem stated in this language however, turns out to be increasingly hard to solve as we go
to 2nd or higher orders in derivative expansion [31]. Fortunately, it was realized in [21] that most
of the complication in the aforementioned computation comes from the fact that we need to
maintain the thermodynamic isolation (i.e. satisfy the conservation equations) perturbatively
at every order. A much easier problem to solve is to allow for the fluid to interact with its
surroundings, i.e. break the conservation laws eqn. (2.2) by introducing an arbitrary external
momentum Pµext and a charge Qext source,
∇µT µν − F νρJρ − Tν⊥H = P νext, ∇µJµ − J⊥H = Qext. (2.4)
The LHS of the second law in eqn. (2.3) will also need to be augmented with an arbitrary
combination of Pµext, Qext for the inequality to be satisfied,
∇µJµS + βνP νext + (Λβ +Aµβµ)Qext = ∆ ≥ 0,
=⇒ ∇µJµS + βν
(
∇µT µν − F νρJρ − Tµ⊥H
)
+ (Λβ +Aµβ
µ)
(
∇µJµ − J⊥H
)
= ∆ ≥ 0, (2.5)
for some fields B = {βµ,Λβ}. This version of the second law is known as the offshell second law
of thermodynamics, because the conservation laws, which are imposed as equations of motion
on the fluid, are not required to be satisfied. Eqn. (2.5) can be recasted into a yet another useful
form by defining a free energy current Gµ as,
−G
µ
T
= Nµ = JµS +βνT
µν+(Λβ +Aνβ
ν)Jµ, −G
⊥
H
T
= N⊥H = βµT
µ⊥
H +(Λβ +Aνβ
ν) J⊥H. (2.6)
Having done that, eqn. (2.5) implies a free energy conservation,
∇µNµ −N⊥H =
1
2
T µνδBgµν + J
µδBAµ +∆, ∆ ≥ 0, (2.7)
where similar to eqn. (2.1) we have defined,
δBgµν = £βgµν = ∇µβν +∇νβµ, δBAµ = £βAµ + ∂µΛβ = ∂µ (Λβ + βνAν) + βνFνµ. (2.8)
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Recall that the hydrodynamic fields uµ, T , µ introduced earlier were some arbitrary (d+1) fields
chosen to describe the fluid. Like in any field theory, they are permitted to admit an arbitrary
redefinition among themselves without changing the physics. This huge amount of freedom can
be fixed by explicitly choosing,
T =
1√−βνβν
, uµ =
βµ√−βνβν
, µ =
Λβ +Aµβ
µ
√−βνβν
, (2.9)
or conversely,
βµ =
1
T
uµ, Λβ =
1
T
µ−Aµβµ. (2.10)
As a consequence of this choice, B = {βµ,Λβ} is just a renaming of the hydrodynamic fields.
Finally, we can find the most general gauge-invariant expression of the currents T µν , Jµ in
terms of gµν , Aµ, β
µ, Λβ arranged in a derivative expansion, along with an associated N
µ, ∆
such that eqn. (2.7) is satisfied. There however is a caveat in this way of thinking: these T µν ,
Jµ are not just the constitutive relations of a fluid; they also contain information about the
external sources Pµext, Qext. One way to circumvent this problem is to pick a set of terms which
might potentially appear in T µν , Jµ and can be eliminated using the conservation laws, and
only consider the solutions T µν , Jµ of eqn. (2.7) (for some Nµ, ∆) which do not involve these
terms or their derivatives. T µν , Jµ thus obtained are guaranteed to be the constitutive relations
of a fluid, as they will be free from any Pµext, Qext dependence.
Authors in [22, 23] illustrated a consistent mechanism to find the most generic constitutive
relations of a fluid up to arbitrarily high orders in derivative expansion, which satisfies eqn. (2.7).
They further classified these constitutive relations in eight exhaustive classes, which we will not
have scope to review here. Instead, in the following subsection we will review the offshell
analysis of relativistic superfluids which has been introduced in [24], and later adapt it to
Galilean superfluids.
2.2 Offshell Formalism for Relativistic Superfluids
Let us now review some essential aspects of the offshell formalism for a relativistic superfluid
following the work of [24], and use it to re-derive the respective constitutive relations up to
first order in derivative expansion [11–13]. As we have already mentioned in the introduction,
a superfluid is a phase of the fluid where the global U(1) symmetry of the microscopic theory
gets spontaneously broken in the ground state due to condensation of a charged scalar oper-
ator. The U(1) phase ϕ of the scalar operator becomes a new field in the theory, along with
uµ, T , µ on which the respective constitutive relations can depend. Under an infinitesimal
gauge transformation and diffeomorphism, ϕ transforms as δXϕ = χ
µ∂µϕ − Λχ, with covariant
derivative,
ξµ = ∂µϕ+Aµ, (2.11)
commonly known as the superfluid velocity. Just like the dynamics of uµ, T , µ is given by the
conservation equations eqn. (2.2), ϕ comes with its own equation of motion 3,
K = 0, (2.12)
3K = 0 should be thought of as a placeholder for the Josephson junction condition uµξµ = µ+ O(∂), which
provides dynamics for the U(1) phase ϕ in the conventional treatment of superfluids. At the moment however,
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We will be particularly interested in the ‘offshell’ configurations of the field ϕ, which we define
as the superfluid configurations for which K 6= 0. As was suggested by [24], conservation laws
for these configurations modify to,
∇µT µν = F νρJρ +Tν⊥H + ξνK, ∇µJµ = J⊥H −K, (2.13)
which trivially turn back to their original form in eqn. (2.2) when K = 0. The claim is that
even the ϕ-offshell configurations of a superfluid satisfy the second law of thermodynamics, i.e.
there exists an entropy current JµS whose divergence is positive semi-definite, i.e.,
∇µJµS = ∆ ≥ 0, (2.14)
as long as the superfluid is thermodynamically isolated (i.e. eqn. (2.13) are satisfied), irrespective
of K being zero. Rest of the analysis follows exactly like ordinary fluids; on allowing the
superfluid to interact with its surroundings, the second law modifies to,
∇µJµS+βν
(
∇µT µν − F νρJρ − Tµ⊥H − ξνK
)
+(Λβ +Aσβ
σ)
(
∇µJµ − J⊥H +K
)
= ∆ ≥ 0. (2.15)
In terms of free energy current however, we get,
∇µNµ −N⊥H =
1
2
T µνδBgµν + J
µδBAµ +KδBϕ+∆, ∆ ≥ 0, (2.16)
where,
δBϕ = β
µ∂µϕ− Λβ = 1
T
(uµξµ − µ) . (2.17)
Similar to the ordinary fluid, we should now consider the most generic expressions for T µν , Jµ,
K in terms of gµν , Aµ, β
µ, Λβ , ϕ arranged in a derivative expansion, along with an associated
Nµ, ∆ such that eqn. (2.16) is satisfied. However, these T µν , Jµ, K will not be the constitutive
relations of a superfluid, as they will also have information about the surroundings. The true
constitutive relations will be gained by considering those solutions to eqn. (2.16) which do not
involve a chosen set of terms that can be eliminated using the conservation equations eqn. (2.13)
and the ϕ equation of motion eqn. (2.12).
We will now embark on the quest of finding these constitutive relations up to first order in the
derivative expansion. [24] provides a complete classification and construction of the superfluid
constitutive relations satisfying eqn. (2.16) up to arbitrarily high orders in derivative expansion.
In this work however, we are only concerned with the (Galilean) superfluids up to first derivative
order, which can be analyzed directly by brute force without involving the technicalities of
[24].
2.2.1 Josephson Equation
In the study of superfluids, the U(1) phase ϕ is generally taken to be order −1 in the derivative
expansion, while its covariant derivative ξµ is taken to be order 0. The reason being that the
true dynamical degrees of freedom are encoded in the fluctuations of ϕ along the U(1) circle,
we will allow for an arbitrary K treating it as yet another ‘current’ besides T µν , Jµ in the theory, and will later
establish that the second law of thermodynamics forces K to take the Josephson form.
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and not in ϕ itself. It implies that the KδBϕ term in the free energy conservation eqn. (2.16)
is allowed to be order zero, if K has an order 0 term. This gives us the unique solution to
eqn. (2.16) at zero derivative order,
Nµ, T µν , Jµ = O(∂0), K = −αδBϕ+O(∂), ∆ = α(δBϕ)2 +O(∂), (2.18)
for some “transport coefficient” α ≥ 0. Note that the ϕ equation of motion at this order will
read K = −αδBϕ+O(∂) = 0, implying,
δBϕ =
1
T
(uµξµ − µ) = O(∂) =⇒ uµξµ = µ+O(∂). (2.19)
This is the well known Josephson equation. This condition also ensures that ∆ is at least O(∂),
avoiding “ideal superfluid dissipation”. From this point onward, it would be beneficial to think
of δBϕ as an order 1 data in derivative expansion rather than 0.
2.3 Ideal Relativistic Superfluids
Let us now move on to the ideal superfluids, i.e. superfluid constitutive relations that satisfy the
free energy conservation eqn. (2.16) at first derivative order. At ideal order, the most generic
tensorial form of various quantities appearing in eqn. (2.16) can be written as,
T µν = (E + P )uµuν + Pgµν +Rsξ
µξν + λ(uµξν + uνξµ) +O(∂),
Jµ = Quµ +Qsξ
µ +O(∂),
K = −αδBϕ+Kideal +O(∂),
Nµ = Nuµ +Nsξ
µ +O(∂),
∆ = (αδBϕ)
2 +∆ideal +O(∂2), (2.20)
where E, P , Rs, λ, Q, Qs, Kideal, N , Ns are functions of T , µ and µs ≡ −12ξµξµ. We have
omitted the only other possible scalar δBϕ in the functional dependence, because using the ϕ
equation of motion we know that it is no longer an independent quantity. Plugging eqn. (2.20)
in eqn. (2.16) we can find,
(Qs +Rs)ξ
µ
(
∇µν + 1
T
uνFνµ
)
+ λξµ
(
1
T 2
∇µT + uν∇ν
(uµ
T
))
+∇µ
((
P
T
−N
)
uµ
)
+
1
T
uµ (∇µE − T∇µS − µ∇µQ+Rs∇µµs)
+∇µ (δBϕRsξµ −Nsξµ) + (Kideal −∇µ(Rsξµ)) δBϕ+∆ideal = 0, (2.21)
where we have defined S through the “Euler equation”,
E + P = ST +Qµ. (2.22)
Eqn. (2.21) will imply a set of relations among various coefficients,
Qs = −Rs, λ = 0, N = P
T
, Ns = δBϕRs, Kideal = ∇µ(Rsξµ), ∆ideal = 0, (2.23)
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and the “first law of thermodynamics”,
dE = TdS + µdQ−Rsdµs, (2.24)
giving physical meaning to the quantities we have introduced in eqn. (2.20). Finally, we have
the full set of superfluid constitutive relations up to ideal order satisfying the second law,
T µν = (E + P )uµuν + Pgµν +Rsξ
µξν +O(∂),
Jµ = Quµ −Rsξµ +O(∂),
K = −αδBϕ+∇µ(Rsξµ) +O(∂),
Nµ =
P
T
uµ + δBϕRsξ
µ +O(∂),
JµS = N
µ − 1
T
(T µνuν + µJ
µ) = Suµ +O(∂),
∆ = O(∂2). (2.25)
These are the well known ideal superfluid constitutive relations. Note that we have included first
order terms in K, Nµ which can be ignored when talking about the ideal order, but are required
for internal consistency with eqn. (2.16). The ϕ equation of motion K = 0 will imply,
αδBϕ = ∇µ(Rsξµ) +O(∂) =⇒ uµξµ = µ+ T
α
∇µ(Rsξµ) +O(∂), (2.26)
which is a first order correction to the Josephson equation. Note however that this equation can
admit further one derivative corrections due to the first order constitutive relations discussed
in the next subsection; the correction mentioned here is only how the ideal superfluid transport
affects the Josephson equation. The conservation laws on the other hand are complete up to
the first order in derivatives,
1√−g δB
(√−g(E + P )T 2βµ)+QTδBAµ = −ξναδBϕ+O(∂2),
1√−g δB
(√−gQT ) = αδBϕ+O(∂2). (2.27)
These equations provide a set of relations between δBϕ, δBgµν and δBAµ, which can be used to
eliminate a vector uµδBgµν and a scalar u
µδBAµ (see table (2)) from the first order constitutive
relations. On the other hand, we choose to eliminate the scalar data ∇µ(Rsξµ) using the ϕ
equation of motion.
2.4 First Derivative Corrections to Relativistic Superfluids
Moving on to the one derivative superfluids, let us schematically represent various quantities
appearing in eqn. (2.16) up to the first order in derivatives as,
T µν =
[
(E + P )uµuν + Pgµν +Rsξ
µξν
]
+ T µν +O(∂2),
Jµ =
[
Quµ −Rsξµ
]
+ J µ +O(∂2),
K =
[− αδBϕ+∇µ(Rsξµ)]+K +O(∂2),
Nµ =
[
P
T
uµ + δBϕRsξ
µ
]
+N µ +O(∂2),
∆ = α(δBϕ)
2 +D, (2.28)
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Vanishing at Equilibrium – Onshell Independent
S1
T
2 P˜
µνδBgµν P˜
µν∇µuν
S2
T
2 ζ
µζνδBgµν ζ
µζν∇µuν
S3 Tζ
µδBAµ ζ
µ (T∇µν + uνFνµ)
S4 TδBϕ u
µξµ − µ
V µ1 T P˜
µνζρδBgνρ 2P˜
µνζρ∇(νuρ)
V µ2 T P˜
µνδBAµ P˜
µν (T∇νν + uσFσν)
σµν T2 P˜
ρ〈µP˜ ν〉σδBgρσ P˜
µρP˜ νσ
(
∇(ρuσ) − 1d−2 P˜ρσS1
)
V˜ µ1 ǫ
µνρσuνζρV1,σ
V˜ µ2 ǫ
µνρσuνζρV2,σ
σ˜µν ǫ(µ|ρστuρζσσ
ν)
τ
Vanishing at Equilibrium – Onshell Dependent
S5
T
2 u
µuνδBgµν
1
T
uµ∇µT
S6 Tu
µδBAµ Tu
µ∇µν
S7 Tζ
µuνδBgµν ζ
ν
(
1
T
∇νT + uσ∇σuν
)
V µ3 T P˜
µνuρδBgνρ P˜
µν
(
1
T
∇νT + uσ∇σuν
)
V˜ µ3 ǫ
µνρσuνζρV3,σ
Surviving at Equilibrium
Se,1
1
T
ζµ∂µT
Se,2 Tζ
µ∂µν
Se,3 ζ
µ∂µµˆs
Se,4 ∇µζµ
...
...
V µe,1
1
T
P˜µν∂νT
V µe,2 T P˜
µν∂νν
...
...
S˜e,1 Tǫ
µνρσζµuν∂ρuσ
S˜e,2
1
2Tǫ
µνρσζµuνFρσ
...
...
V˜ µe,1 T P˜
µ
τ ǫτνρσuν∂ρuσ
V˜ µe,2
1
2T P˜
µ
τ ǫτνρσuνFρσ
V˜ µe,3 T P˜
µ
τ ǫτνρσξν∂ρuσ
V˜ µe,4
1
2T P˜
µ
τ ǫτνρσξνFρσ
...
...
Table 2: Independent first order data for relativistic superfluids. We have not enlisted, neither would
we need, all the independent data surviving at equilibrium.
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where the corrections T µν , J µ, K, N µ, D have exactly one derivative in every term. Plugging
these in the eqn. (2.16) we can get an equation among the corrections,
∇µN µ −N⊥H =
1
2
T µνδBgµν + J µδBAµ +KδBϕ+D +O(∂3). (2.29)
We will now attempt to find all the solutions to this equation, hence recovering the superfluid
constitutive relations up to the first order in derivatives.
2.4.1 Parity Even
We can find the most general parity even solution of eqn. (2.29) in 2 steps (note that N⊥H
is parity odd): (1) first we write down the most general allowed parity-even N µ and find a
set of constitutive relations pertaining to that, and (2) then find the most general parity-even
constitutive relations which satisfy eqn. (2.29) with N µ = 0.
1. One can check that the most general form of N µ (whose divergence only contains product
of derivatives and has at least one δB per term) can be written as,
N µ = 2f1u[µξν] 1
T 2
∂νT + 2f2u
[µξν]∂ν
(µ
T
)
+ 2f3u
[µξν]∂νRs +∇ν
(
f4u
[µξν]
)
, (2.30)
where f ’s are functions of T , ν = µ/T and µˆs = −12ζµζµ with ζµ = Pµνξν (Pµν =
gµν + uµuν is the projection operator away from the fluid velocity). Note that,
µˆs = −1
2
ζµζµ = −1
2
ξµξµ − 1
2
(ξµuµ)
2 = µs − 1
2
(µ+ TδBϕ)
2. (2.31)
Out of the four terms in eqn. (2.30), the last one has trivially zero divergence and hence
can be ignored. The third term on the other hand can be removed by elimination of
∇µ(Rsξµ) using the ϕ equation of motion. Computing the divergence of the remaining
terms in N µ and comparing them to eqn. (2.29), we can directly read out the correspond-
ing superfluid constitutive relations (the symbol ‘∋’ represents that they are not yet the
complete solutions of eqn. (2.29); we still have to add the terms with N µ = 0),
T µν ∋ uµuν
(
2∑
i=1
αE,iSe,i − 1
T
∇σ(Tf1ζσ)
)
+
(
ζµζν − 2(uρξρ)u(µζν)
) 2∑
i=1
αRs,iSe,i
+ P˜µν
2∑
i=1
fiSe,i − 2ξ(µ
2∑
i=1
fiV
ν)
e,1 + 2u
(µζν)
2∑
i=1
fiS4+i,
J µ ∋ uµ
(
2∑
i=1
αQ,iSe,i − 1
T
∇ν(Tf2ζν)
)
− ζµ
2∑
i=1
αRs,iSe,i +
2∑
i=1
fiV
µ
e,i,
K ∋ ∇µ
(
ζµ
2∑
i=1
αRs,iSe,i −
2∑
i=1
fiV
µ
e,i
)
, (2.32)
where P˜µν = gµν + uµuν − 1
ζσζσ
ζµζν , and we have defined,
dfi =
αE,i
T
dT + TαQ,idν +
(
αRs,i −
fi
2µˆs
)
dµˆs. (2.33)
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The actual computation is not neat and we have presented the details in appendix (B) for
the aid of the readers interested in reproducing our results. Note that these constitutive
relations are presented in terms of ‘data’ which are natural for this sector; readers can
modify these to their favorite basis and get results which might look considerably messier.
Moreover, these results are written in a particular ‘hydrodynamic frame’ chosen by aligning
uµ, T , µ along βµ, Λβ, which again can be modified according to reader’s preference.
2. Let us now look at the parity-even solutions to eqn. (2.29) with N µ = 0,
0 =
1
2
T µνδBgµν + J µδBAµ +KδBϕ+D. (2.34)
Every term in T µν , J µ, K must either cancel or contribute to ∆ which has to be a
quadratic form. It follows that the terms in T µν , J µ, K must be proportional to δBgµν ,
δBAµ, δBϕ. Recall however that we have chosen to eliminate u
µδBgµν , u
µδBAµ using the
equations of motion. For ∆ to be a quadratic form, it therefore implies that T µν , J µ
cannot have a term like #(µuν), #uµ respectively for some vector #µ and scalar #. With
this input let us write down the most generic allowed form of the currents in terms of 20
new transport coefficients [βij ]4×4 (with β44 = α/T ), [κij ]2×2 and η,
T µν ∋ −T
[{
β11P˜
ρσ + β12ζ
ρζσ
}
P˜µν +
{
β21P˜
µν + β22ζ
ρζσ
}
ζµζν + 4κ11ζ
(µP˜ ν)(ρζσ)
+ ηP˜µ〈ρP˜ σ〉ν
]
1
2
δBgρσ − T
[
β13ζ
ρP˜µν + β23ζ
ρζµζν + 2κ12ζ
(µP˜ ν)ρ
]
δBAρ
− T
[
β14P˜
µν + β24ζ
µζν
]
δBϕ,
= −P˜µν
4∑
i=1
β1iSi − ζµζν
4∑
i=1
β2iSi − 2ζ(µ
2∑
i=1
κ1iV
ν)
i − ησµν . (2.35)
J µ ∋ −T
[{
β31P˜
ρσ + β32ζ
ρζσ
}
ζµ + 2κ21P˜
µ(ρζσ)
]
1
2
δBgρσ
− T
[
β33ζ
ρζµ + κ22P˜
µρ
]
δBAρ − T
[
β34ζ
µ
]
δBϕ,
= −ζµ
4∑
i=1
β3iSi −
2∑
i=1
κ2iV
µ
i . (2.36)
K ∋ −T
[
β41P˜
ρσ + β42ζ
ρζσ
]
δBgρσ − T
[
β43ζ
ρ
]
δBAρ = −
3∑
i=1
β4iSi. (2.37)
Note that we did not include a term proportional to δBϕ in K, because such a term is
already present in K = −αδBϕ + ∇µ(Rsξµ) + K + O(∂2). Defining β44 = α/T , we can
read out the parity-even quadratic form ∆|even = α(δBϕ)2 +D|even,
T∆|even =
4∑
i,j=1
SiβijSj +
2∑
i,j=1
V µi κijVi,µ + ησ
µνσµν ,
=
4∑
i,j=1
Siβ(ij)Sj +
2∑
i,j=1
V µi κ(ij)Vi,µ + ησ
µνσµν . (2.38)
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In the second step we have realized that only the symmetric parts of the matrices βij
and κij will survive in this expression, and will contribute towards dissipation. Thus
only 14 out of 21 transport coefficients (including α) are dissipative; the remaining 7 are
non-dissipative.
2.4.2 Parity Odd (4 Dimensions)
We can find the most general parity-odd solution of eqn. (2.29) in 3 steps: (1) first we consider
a particular set of solutions which takes care of the anomaly N⊥H and proceed towards the non-
anomalous constitutive relations, (2) then we write down the most general allowed parity-odd
N µ and find a set of constitutive relations pertaining to that, and (2) finally find the most
general parity-odd constitutive relations with zero N µ.
1. In 4 dimensions at the first order in the derivatives Tµ⊥H = 0 and J
⊥
H = −34C(4)ǫµνρσFµνFρσ,
which implies,
N⊥H = −
3
4
νC(4)ǫµνρσFµνFρσ. (2.39)
A particular solution pertaining to eqn. (2.29) with this N⊥H is given as (see e.g. [23]),
T µν ∋ 2µ2C(4)u(µ
(
3Bν) + 2µων)
)
,
J µ ∋ µC(4) (6Bµ + 3µωµ) ,
K ∋ 0,
N µ ∋ µ
2
T
C(4) (3Bµ + µωµ) . (2.40)
Here we have defined the magnetic field and fluid vorticity as,
Bµ =
1
2
ǫµνρσuνFρσ , ω
µ = ǫµνρσuν∂ρuσ. (2.41)
2. One can check that the most general form of N µ (whose divergence only contains product
of derivatives and has at least one δB per term) can be written as,
N µ = g1
(
βµS˜e,1 + V˜
µ
3
)
+ g2
(
βµS˜e,2 + V˜
µ
2
)
+ C1T
2ωµ, (2.42)
where g’s are functions of T , ν, µˆs, and C1 is a constant. From here we can directly read
out the corresponding constitutive relations,
T µν ∋ uµuν
2∑
i=1
α˜E,iS˜e,i +
(
ζµζν − 2(uρξρ)u(µζν)
) 2∑
i=1
α˜Rs,iS˜e,i − ζµζν
2∑
i=1
1
2µˆs
giS˜e,i
− 2u(µ
2∑
i=1
giV˜
ν)
e,2+i − u(µ
(
2P ν)α − uν)uα
)
ǫαρστ∇σ (Tg1uτζρ) + 4C1T 3ω(µuν)
J µ ∋ uµ
2∑
i=1
α˜Q,iS˜e,i − ζµ
2∑
i=1
α˜Rs,iS˜e,i +
2∑
i=1
giV˜
µ
e,i + ǫ
µνρσ∇ν(Tg2ζρuσ),
K ∋ ∇µ
(
ζµ
2∑
i=1
α˜Rs,iS˜e,i −
2∑
i=1
giV˜
µ
e,i
)
, (2.43)
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where we have defined,
dgi =
α˜E,i
T
dT + T α˜Q,idν +
(
α˜Rs,i −
fi
2µˆs
)
dµˆs. (2.44)
The actual computation is not neat and we have presented the details in appendix (B) for
interested readers.
3. We should finally consider the parity-odd constitutive relations that satisfy eqn. (2.29)
with zero LHS. Following our discussion in the parity-even sector, the allowed form of the
constitutive relations can be written down in terms of 5 coefficients [κ˜ij ]2×2 and η˜,
T µν ∋ −Tuτζκ
[
4κ˜11ζ
(µǫν)τκ(ρζσ) + η˜P˜ λ(µǫν)τκ(ρP˜
σ)
λ
]
1
2
δBgρσ − Tuτζκ
[
2κ˜12ζ
(µǫν)τκρ
]
δBAρ,
= −2ζ(µ
2∑
i=1
κ˜1iV˜
ν)
i − η˜σ˜µν ,
J µ ∋ −Tuτζκ
[
2κ˜21ǫ
µτκ(ρζσ)
]
1
2
δBgρσ − Tuτζκ
[
κ˜22ǫ
µτκρ
]
δBAρ,
∋ −
2∑
i=1
κ˜2iV˜
µ
i ,
K ∋ 0. (2.45)
One can check that these constitutive relations trivially satisfy eqn. (2.29) with zero LHS
and the quadratic form ∆|odd = D|odd is given as,
T∆|odd = ǫµντκuτζκ
[
2∑
i=1
Vi,µκ˜ijVj,ν + η˜σµρσ
ρ
ν
]
= ǫµντκuτζκ
2∑
i=1
Vi,µκ˜[ij]Vj,ν = 2ǫ
µντκuτζκV1,µκ˜[12]V2,ν . (2.46)
It follows that out of the 5 transport coefficients, only 1 contribute to dissipation and the
other 4 are non-dissipative.
2.4.3 Positivity Constraints
The dissipative transport coefficients are required to satisfy a set of inequalities to satisfy ∆ =
α(δBϕ)
2 +D|even +D|odd ≥ 0,
T∆ =
4∑
i,j=1
Siβ(ij)Sj +

 2∑
i,j=1
V µi κ(ij)Vi,µ +
2∑
i=1
V µi κ˜[ij]V˜j,µ

+ ησµνσµν . (2.47)
We want this expression to be a quadratic form, which it nearly is except the parity-odd term
in the brackets. However this term can be made into a quadratic form by noticing that the
square of a parity odd term is parity-even, due to the identity,
(ǫµνρσuρζσ)(ǫτναβu
αζβ) = P˜µτζ
νζν = −2µˆsP˜µτ . (2.48)
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We define,(
V ′µ1
V ′µ2
)
=
(
V µ1
V µ2
)
+
(
0 a12
0 0
)(
V˜ µ1
V˜ µ2
)
, κ′ij = κij + kij , k[ij] = 0, (2.49)
such that,
2∑
i,j=1
V ′µi κ
′
(ij)V
′
i,µ =
2∑
i,j=1
V µi κ(ij)Vi,µ +
2∑
i=1
V µi κ˜[ij]V˜j,µ. (2.50)
Using the identity eqn. (2.48), the above equation can be easily solved to give,
a12 =
κ˜
(a)
12
κ11
, k1i = ki1 = 0, k22 = 2µˆs
κ˜[12]
κ11
. (2.51)
Consequently ∆ will take the form,
T∆ =
4∑
i,j=1
Siβ(ij)Sj +
2∑
i,j=1
V ′µi κ
′
(ij)V
′
i,µ + ησ
µνσµν . (2.52)
Given T ≥ 0, the condition ∆ ≥ 0 implies that η ≥ 0 and the matrices [β(ij)]4×4, [κ′(ij)]2×2
have all non-negative eigenvalues. This gives 7 inequalities among 15 dissipative transport
coefficients, and 8 are completely arbitrary.
2.5 Summary
We have completed the analysis of a superfluid up to the first order in derivatives. Here we
summarize the results. We found that the entire superfluid transport up to the first order in
derivatives is characterized by an ideal order pressure P , 30 first order transport coefficients
which are functions of T , µ/T , µˆs, and two constants C1, C
(4). P , C1 and C
(4) along with 4
transport coefficients,
Parity Even (2): f1, f2, Parity Odd (2): g1, g2, (2.53)
totally determine the hydrostatic transport (part of the constitutive relations that survive at
equilibrium). Non-hydrostatic non-dissipative transport (part that does not survive at equilib-
rium but doesn’t contribute to ∆ ≥ 0 either) is given by 11 transport coefficients,
Parity Even (7): [β[ij]]4×4 (antisymmetric), [κ[ij]]2×2 (antisymmetric),
Parity Odd (4): [κ˜(ij)]2×2 (symmetric), η˜. (2.54)
Finally the entire dissipative transport is given by 15 transport coefficients,
Parity Even (14): [β(ij)]4×4 (symmetric), [κ(ij)]2×2 (symmetric), η,
Parity Odd (1): [κ˜[ij]]2×2 (antisymmetric). (2.55)
These dissipative transport coefficients follow a set of inequalities (κ′ is defined in eqn. (2.49)),
[β(ij)]4×4, [κ
′
(ij)]2×2, η ≥ 0, (2.56)
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where a ‘non-negative matrix’ implies all its eigenvalues are non-negative. Using P , fi, gi we
define some new functions,
dP = SdT +Qdµ+Rsdµs, E + P = ST +Qµ,
dfi =
αE,i
T
dT + TαQ,idν +
(
αRs,i −
fi
2µˆs
)
dµˆs, αE,i + fi = αS,iT + αQ,iµ,
dgi =
α˜E,i
T
dT + T α˜Q,idν +
(
α˜Rs,i −
fi
2µˆs
)
dµˆs, α˜E,i + gi = α˜S,iT + α˜Q,iµ. (2.57)
In terms of these transport coefficients, corrections to the Josephson equation (K = 0) coming
from the first order superfluid transport are given as (here β44 = α/T ),
uµξµ − µ = 1
β44
∇µ (Rsξµ)−
3∑
i=1
β4i
β44
Si
+
1
β44
∇µ
(
ζµ
2∑
i=1
αRs,iSe,i + ζ
µ
2∑
i=1
α˜Rs,iS˜e,i −
2∑
i=1
fiV
µ
e,i −
2∑
i=1
giV˜
µ
e,i
)
+O(∂2), (2.58)
which can be seen as determining uµξµ in terms of the other superfluid variables. Note that
though this equation contains second order terms, it is only correct up to the first order in
derivatives, and will admit further corrections coming from higher order superfluid transport.
The energy-momentum tensor, charge current and entropy current up to first order in derivatives
are however given as,
T µν = (E + P )uµuν + Pgµν +Rsξ
µξν + T µν +O(∂2),
Jµ = Quµ −Rsξµ + J µ +O(∂2),
JµS = Su
µ + Sµ +O(∂2), (2.59)
where the higher derivative corrections are,
T µν = uµuν
[
2∑
i=1
αE,iSe,i +
2∑
i=1
α˜E,iS˜e,i − 1
T
∇σ(Tf1ζσ) + ǫαρστuα∇ρ (Tg1uσζτ )
]
+ 2u(µζν)
[
2∑
i=1
fiS4+i − (uρξρ)
(
2∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i
)
+
1
2µˆs
ǫαρστ ζα∇ρ (Tg1uσζτ )
]
+ ζµζν
[
2∑
i=1
αRs,iSe,i +
2∑
i=1
(
α˜Rs,i −
gi
2µˆs
)
S˜e,i −
4∑
i=1
β2iSi
]
+ 2u(µ
[
(ξσuσ)
2∑
i=1
fiV
ν)
e,i −
2∑
i=1
giV˜
ν)
e,2+i − P˜ ν)αǫαρστ∇ρ (Tg1uσζτ ) + 2C1T 3ων)
+ C(4)µ2
(
3Bν) + 2µων)
)]
− 2ζ(µ
[
2∑
i=1
fiV
ν)
e,i +
2∑
i=1
κ1iV
ν)
i +
2∑
i=1
κ˜1iV˜
ν)
i
]
+ P˜µν
[
2∑
i=1
fiSe,i −
4∑
i=1
β1iSi
]
− ησµν − η˜σ˜µν , (2.60)
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J µ = uµ
[
2∑
i=1
αQ,iSe,i +
2∑
i=1
α˜Q,iS˜e,i − 1
T
∇ν(Tf2ζν) + ǫανρσuα∇ν(Tg2uρζσ)
]
− ζµ
[
2∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i +
4∑
i=1
β3iSi − 1
2µˆs
ǫανρσζα∇ν(Tg2uρζσ)
]
+
2∑
i=1
fiV
µ
e,i +
2∑
i=1
giV˜
µ
e,i −
2∑
i=1
κ2iV
µ
i −
2∑
i=1
κ˜2iV˜
µ
i
− P˜µαǫανρσ∇ν(Tg2uρζσ) + 3µC(4) (2Bµ + µωµ) , (2.61)
Sµ = g1 1
T
ǫµνρσuνζρ∂σT + g2Tǫ
µνρσuνξρ∂σν + 3C1T
2ωµ
+ uµ
[
2∑
i=1
αS,iSe,i +
2∑
i=1
α˜S,iS˜e,i − 1
T 2
∇σ(Tf1ζσ) + µ
T 2
∇ν(Tf2ζν)
+
1
T
ǫανρσuα∇ν (Tg1uρζσ)− µ
T
ǫαρστuα∇ν (Tg2uρζσ)
]
+
1
T
ζµ
[
4∑
i=1
µβ3iSi +
1
2µˆs
ǫαρστ ζα∇ρ (Tg1uσζτ )− µ
2µˆs
ζαǫ
ανρσ∇ν(Tg2uρζσ)
]
+
µ
T
2∑
i=1
κ2iV
µ
i +
µ
T
2∑
i=1
κ˜2iV˜
µ
i −
1
T
P˜µαǫ
ανρσ∇ν (Tg1uρζσ) + µ
T
P˜µαǫ
ανρσ∇ν(Tg2uρζσ).
(2.62)
The scalar S4 = TδBϕ = u
µξµ−µ appearing here can be eliminated in favor of ∇µ(Rsξµ) using
the Josephson equation. We will like to reiterate that these results are presented in a particular
hydrodynamic frame (gained by aligning uµ, T , µ along βµ, Λβ) and in a “natural” choice of
basis for the independent data. They can be transformed to any other preferred hydrodynamic
frame or basis by a straight forward substitution.
In deriving these constitutive relations, we have only used the second law of thermodynamics.
To compare these results with the existing literature [11–13], one might need to further filter
these results with requirements like microscopic reversibility (Onsager relations), time reversal
invariance and CPT invariance. For example, Onsager relations are known to turn off 7 parity-
even non-dissipative coefficients [β[ij]]4×4, [κ[ij]]2×2 and the only parity-odd dissipative coefficient
[κ˜[ij]]2×2 [11]. To avoid confusion, also note that there is a coefficient f3 appearing in eqn. (2.30)
which we removed by using the ϕ equation of motion (or equivalently, by redefining ϕ). This
coefficient has been included in the counting of independent transport coefficients in [12].
3 | Null Superfluids
In [16] we proposed “null fluids” as a new viewpoint of Galilean fluids. In this section, we will
further extend this formalism to include Galilean superfluids. The main benefit of working
with “null (super)fluids” is that it is a “relativistic embedding” of Galilean (super)fluids into
one higher dimension and enables us to directly use the existing relativistic machinery to read
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out the respective Galilean results. In this sense, our in-depth review of relativistic superfluids
in the previous section will be vital for our discussion of null/Galilean superfluids. To make
the transition from relativistic → null → Galilean superfluids manifest, we will step by step
imitate our relativistic discussion of the previous section with appropriate accommodations for
null superfluids. Later in §4, we will translate our null superfluid results to the better known
Newton-Cartan and conventional non-covariant notations.
3.1 Null Backgrounds and Null Superfluids
Let us quickly recap null backgrounds [15, 16], which are a natural ‘embedding’ of Galilean
(Newton-Cartan) backgrounds into a relativistic spacetime of one higher dimension. Consider
a (d + 1)-dimensional manifold M(d+1) equipped with a metric gMN and a U(1) gauge field
AM . Infinitesimal diffeomorphisms and gauge transformation with parameters X = {χM ,Λχ}
respectively, act on these background fields as,
δXgMN = ∇MχN +∇NχM , δXAM = ∂M(Λχ + χNAN) + χNFNM . (3.1)
The characteristic feature of a null background is the existence of a compatible null isometry
V = {V M ,ΛV } which satisfies: V MVM = 0, ∇MV N = 0, V MAM + ΛV = −1 4 and,
δVgMN = ∇MVN +∇NVM = 0, δVAM = ∂M(ΛV + V NAN) + V NFNM = V NFNM = 0. (3.2)
Since we will be interested in studying superfluids on this background, we introduce a preferred
U(1) phase ϕ which transforms under diffeomorphisms and infinitesimal gauge transformations
as δXϕ = χ
M∂Mϕ−Λχ. The covariant derivative of ϕ is known as the superfluid velocity,
ξM = ∂Mϕ+AM . (3.3)
We require ϕ to respect the null isometry V, i.e. δVϕ = V
M∂Mϕ− ΛV = V MξM − 1 = 0, which
implies V MξM = −1. The remainder of the story is exactly same as the relativistic case: any
theory coupled to a null background has an energy-momentum tensor TMN and a charge current
JM in its spectrum. The respective conservation laws are given as,
∇MTMN = FNRJR +TN⊥H + ξMK, ∇MJM = J⊥H −K, (3.4)
where,
K = 0, (3.5)
is the ϕ equation of motion. Since eqns. (3.4) and (3.5) are (d + 3) equations in (d + 1)
dimensions, they can provide dynamics for a superfluid described by an arbitrary set of (d+ 2)
variables in addition to the phase ϕ. We choose these to be a normalized null fluid velocity
uM (with uMVM = −1, uMuM = 0), a temperature T , a mass chemical potential µn, and a
chemical potential µ, known as the hydrodynamic fields. A null superfluid hence is completely
4This condition can be thought of as fixing a component of the (d+1)-dimensional gauge field AM , leaving it
with only d independent components mapping bijectively to the d-dimensional Galilean gauge field. As opposed
to the null backgrounds defined in [16] where we set V MAM + ΛV = 0, for superfluids we realize that it is more
suitable to fix V MAM +ΛV = −1 instead.
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characterized by gauge-invariant expressions of TMN , JM , K in terms of gMN , AM , u
M , T , µn,
µ and ξM , known as the null superfluid constitutive relations. The near equilibrium assumption
allows us to arrange these constitutive relations as a perturbative expansion in derivatives
(known as the derivative or gradiant expansion).
Same as the relativistic case, null superfluid is also required to satisfy a version of the second
law of thermodynamics. It states that there must exist an entropy current JMS whose divergence
is positive semi-definite everywhere, i.e.,
∇MJMS ≥ 0, (3.6)
as long as the superfluid is thermodynamically isolated (i.e. conservation laws eqn. (3.4) are
satisfied), irrespective of K being zero. The job of null superfluid dynamics now is to find
the most general constitutive relations TMN , JM , K and an associated JMS , ∆ order by order
in derivative expansion, such that eqn. (3.6) is satisfied for thermodynamically isolated fluids.
Owing to our previous experiences with the second law however, we switch to the offshell
formalism in the next subsection for simplicity.
3.2 Offshell Formalism for Null (Super)fluids
We couple the fluid to an external momentum PMext and charge Qext source, so that the conser-
vation laws are no longer satisfied. Having done that, the second law eqn. (3.6) will be modified
with an arbitrary combination of the conservation laws to get,
∇MJMS + βN
(
∇MTMN − FNRJR − TN⊥H − ξMK
)
+ (Λβ +AMβ
M)
(
∇MJM − J⊥H +K
)
= ∆ ≥ 0, (3.7)
where B = {βM ,Λβ} are some arbitrary fields. Recall that the hydrodynamic fields uM , T ,
µn, µ were some arbitrary (d + 2) fields chosen to describe the fluid. Like in any field theory,
they are permitted to admit an arbitrary redefinition among themselves without changing the
physics. This huge amount of freedom can be fixed by explicitly choosing,
uM = − β
M
VMβM
+
βRβRV
M
2(VNβN)2
, T = − 1
VMβM
, µn =
βMUM
2(VNβN)2
, µ = −Λβ +AMβ
M
VNβN
. (3.8)
or conversely,
βM =
1
T
(uM − µnV M) , Λβ = µ
T
−AMuM . (3.9)
We define a free energy current,
−G
M
T
= NM = SM+TMNβN +(Λβ + β
NAN)J
M , −G
M
H
T
= N⊥H = βMT
M⊥
H +(Λβ + β
MAM) J
⊥
H,
(3.10)
which turns the offshell second law in eqn. (3.7) to a free energy conservation equation,
∇MNM −N⊥H =
1
2
TMNδBgMN + J
MδBAM +KδBϕ+∆, ∆ ≥ 0. (3.11)
Now similar to our analysis of relativistic superfluids, we will try to find the most generic TMN ,
JM , K in terms of gMN , AM , β
M , Λβ, ϕ which solves this equation for some N
M , ∆. Again
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however, these expressions will be shy of being the null superfluid constitutive relations because
of their dependence on the external sources PMext, Qext. To fix this, we will only consider the
expressions for TMN , JM , K which are independent of certain data that can be eliminated using
the conservation laws. For the most part, the following analysis along with the wordings would
be exactly same as has been used in the previous section for relativistic superfluids, except for
certain modifications to accommodate the compatible null isometry.
3.2.1 Josephson Equation for Null (Galilean) Superfluids
In the study of superfluids, the U(1) phase ϕ is generally taken to be order −1 in the derivative
expansion, while its covariant derivative ξM is taken to be order 0. The reason being that the
true dynamical degrees of freedom are encoded in the fluctuations of ϕ along the U(1) circle,
and not in ϕ itself. It implies that the KδBϕ term in the free energy conservation eqn. (3.11)
is allowed to be order zero, if K has an order 0 term. This gives us the unique solution to
eqn. (3.11) at zero derivative order,
NM , TMN , JM = O(∂0), K = −αδBϕ+O(∂), ∆ = α(δBϕ)2 +O(∂), (3.12)
for some “transport coefficient” α ≥ 0. Note that the ϕ equation of motion at this order will
read K = −αδBϕ+O(∂) = 0, implying,
δBϕ =
1
T
(uMξM + µn − µ) = O(∂) =⇒ uMξM = µ− µn +O(∂). (3.13)
This is the Josephson equation for null superfluids. This condition also ensures that ∆ is at least
O(∂), avoiding “ideal superfluid dissipation”. From this point onward, it would be beneficial to
think of δBϕ as an order 1 data in derivative expansion rather than 0.
3.3 Ideal Null Superfluids
Let us now move on to the ideal null superfluids, i.e. null superfluid constitutive relations that
satisfy the free energy conservation eqn. (3.11) at first derivative order. At ideal order, the most
generic tensorial form of various quantities appearing in eqn. (3.11) can be written as,
TMN = Rnu
MuN + 2Eu(MV N) + PPMN +Rsξ
MξN + 2λ1ξ
(MV N) + 2λ2ξ
(MuN) +RvV
MV M +O(∂),
JM = QuM +Qsξ
M +QvV
M +O(∂),
K = −αδBϕ+Kideal +O(∂),
NM = NuM +Nsξ
M +NvV
M +O(∂),
∆ = (αδBϕ)
2 +∆ideal +O(∂2), (3.14)
where Rn, E, P , Rs, λ1, λ2, Q, Qs, Kideal, N , Ns are functions of T , µ, µn and µs ≡ −12ξMξM .
We have omitted the only other possible scalar δBϕ in the functional dependence, because
using the ϕ equation of motion we know that it is no longer an independent quantity. The
coefficients Rv, Qv, Nv do not contain any physical information, because their contribution to
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the conservation laws trivially vanish owing to V being an isometry. Plugging eqn. (3.14) in
eqn. (3.11) we can find,
(Qs +Rs)ξ
M
(
∇Mν + 1
T
uNFNM
)
+
λ1
T 2
ξM∇MT + λ2ξN (∇Nνn + uM∇MUN)
∇M
((
P
T
−N
)
uN
)
+
1
T
uµ (∇µE − T∇MS − µn∇MRn − µ∇MQ+Rs∇Nµs)
+∇M ((δBϕRs −Ns) ξM) + (Kideal −∇M(RsξM)) δBϕ+∆ideal = 0, (3.15)
where we have defined S through the “Euler equation”,
E + P = ST +Qµ+Rnµn. (3.16)
Eqn. (3.15) will imply a set of relations among various coefficients,
Qs = −Rs, λ1 = λ2 = 0, N = P
T
, Ns = δBϕRs, Kideal = ∇M(RsξM), ∆ideal = 0,
(3.17)
and the “first law of thermodynamics”,
dE = TdS + µdQ+ µndRn −Rsdµs, (3.18)
giving physical meaning to the quantities we have introduced in eqn. (3.14). Finally, we have the
full set of null superfluid constitutive relations up to ideal order satisfying the second law,
TMN = Rnu
MuN + 2Eu(MV N) + PPMN +Rsξ
MξN +RvV
MV N +O(∂),
JM = QuM −RsξM +QvV M +O(∂),
K = −αδBϕ+∇M(RsξM) +O(∂),
NM =
P
T
uM + δBϕRsξ
M +NvV
M +O(∂),
JMS = N
M − 1
T
(TMNuN − µnTMNVN + µJM) = SuM + SvV M +O(∂). (3.19)
Here Sv = Nv +
1
T
(Rv − µnE − µQv), which again doesn’t contain any physical information.
These are the ideal null superfluid constitutive relations. Note that we have included first order
terms in K, NM which can be ignored when talking about the ideal order, but are required for
internal consistency with eqn. (3.11). The ϕ equation of motion K = 0 will imply,
αδBϕ = ∇M(RsξM) +O(∂) =⇒ uMξM = µ− µn + T
α
∇M(RsξM) +O(∂), (3.20)
which is a first order correction to the Josephson equation. Note however that this equation can
admit further one derivative corrections due to the first order constitutive relations discussed in
the next subsection; the correction mentioned here is only how the ideal null superfluid transport
affects the Josephson equation. The conservation laws on the other hand are complete up to
the first order in derivatives,
1√−g δB
(√−g (T (E + P )VM +RTuM))+QTδBAM = −ξMαδBϕ+O(∂2),
1√−g δB
(√−gQT ) = αδBϕ+O(∂2). (3.21)
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These equations provide a set of relations between δBϕ, δBgMN and δBAM , which can be used
to eliminate a vector uMδBgMN and a scalar u
MδBAM (see table (3)) from the first order null
constitutive relations. On the other hand, we choose to eliminate the scalar data ∇M(RsξM)
using the ϕ equation of motion.
3.4 First Derivative Corrections to Null Superfluids
Moving on to the one derivative null superfluids, let us schematically represent various quantities
appearing in eqn. (3.11) up to the first order in derivatives as,
TMN =
[
Rnu
MuN + 2Eu(MV N) + PPMN +Rsξ
MξN +RvV
MV N
]
+ T MN +O(∂2),
JM =
[
QuM −RsξM +QvV M
]
+ J M +O(∂2),
K =
[− αδBϕ+∇M(RsξM)]+K +O(∂2),
NM =
[
P
T
uM + δBϕRsξ
M +NvV
M
]
+NM +O(∂2),
∆ = α(δBϕ)
2 +D, (3.22)
where the corrections T MN , JM , K, NM , D have exactly one derivative in every term. Plugging
these in the eqn. (3.11) we can get an equation among the corrections,
∇MNM −N⊥H =
1
2
T MNδBgMN + J MδBAM +KδBϕ+D +O(∂3). (3.23)
We will now attempt to find all the solutions to this equation, hence recovering the null superfluid
constitutive relations up to the first order in derivatives.
3.4.1 Parity Even
We can find the most general parity even solution of eqn. (3.23) in 2 steps (note that N⊥H
is parity odd): (1) first we write down the most general allowed parity-even NM and find a
set of constitutive relations pertaining to that, and (2) then find the most general parity-even
constitutive relations which satisfy eqn. (3.23) with NM = 0.
1. One can check that the most general form of NM (whose divergence only contains product
of derivatives and has at least one δB per term) can be written as (see appendix (A) for
more details),
NM = 2f1u[MζN] 1
T 2
∂NT + 2f2u
[MζN]∂Nν + 2f3u
[MζN]∂Nνn
+ 2f4u
[MζN]∂NRs +∇N
(
f5u
[MζN]
)
, (3.24)
where f ’s are functions of T , ν = µ/T , νn = µn/T and µˆs = −12ζMζM with ζM = PMNξN =
ξM − uM + (uNξN)V M (PMN = gMN + 2u(MV N) is the projection operator away from the
5Null and Newton-Cartan geometries behave more naturally in presence of a minimal temporal torsion HMN =
2∂[MVN] (cref. TTNC geometries []). In presence of HMN , the data S2 = ζ
M
(
1
T
∂MT + u
NHNM
)
vanishes at
equilibrium while Se,1 =
1
T
ζM∂MT survives. However when HMN = 0, S2 = Se,1.
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Vanishing at Equilibrium – Onshell Independent
S1
T
2 P˜
MNδBgMN P˜
MN∇MuN
S2, Se,1
5 TV MζNδBgMN
1
T
ζM∇MT
S3
T
2 ζ
MζNδBgMN ζ
MζN∇MuN
S4 Tζ
MδBAM ζ
M (T∇Mν + uNFNM)
S5 TδBϕ u
MξM + µn − µ
V M1 , V
M
e,1 T P˜
MRV NδBgRN
1
T
P˜MN∇NT
V M2 T P˜
MRζNδBgRN 2P˜
MRζN∇(RuN)
V M3 T P˜
MNδBAN P˜
MN (T∇Nν + uRFRN)
σMN T2 P˜
R〈M P˜N〉SδBgRS P˜
MRP˜NS
(
∇(RuS) − P˜RSd−1S1
)
V˜ M1 ǫ
MNRSTVNuRζSV1,T
V˜ M2 ǫ
MNRSTVNuRζSV2,T
V˜ M3 ǫ
MNRSTVNuRζSV3,T
σ˜MN ǫ(M |RSTPVRuSζTσ
N)
P
Vanishing at Equilibrium – Onshell Dependent
S6 Tu
MV NδBgMN
1
T
uM∇MT
S7 Tu
MδBAM Tu
M∇Mν
S8
T
2 u
MuNδBgMN Tu
M∇Mνn
S9 Tu
MζNδBgMN ζ
M (T∇Mνn + uN∇NuM)
V M4 T P˜
MRuNδBgRN P˜
MN (T∇Nνn + uR∇RuN)
V˜ M4 ǫ
MNRSTVNuRζSV4,T
Surviving at Equilibrium
Se,2 Tζ
M∂Mν
Se,3 Tζ
M∂Mνn
...
...
V Me,2 T P˜
MN∂Nν
V Me,3 T P˜
MN∂Nνn
...
...
S˜e,1 Tǫ
MNRST ζMVNuR∂SuT
S˜e,2
1
2Tǫ
MNRSTζMVNuRFST
...
...
V˜ Me,1 T P˜
M
Kǫ
KNRSTVNuR∂SuT
V˜ Me,2
1
2T P˜
M
Kǫ
KNRSTVNuRFST
V˜ Me,3 T P˜
M
Kǫ
KNRSTξNuR∂SuT
V˜ Me,4
1
2T P˜
M
Kǫ
KNRST ξNuRFST
...
...
Table 3: Independent first order data for null superfluids. We have not enlisted, neither would we
need, all the independent data surviving at equilibrium.
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null fluid velocity). Note that,
µˆs = −1
2
ζMζM = −1
2
ξMξM + ξ
MuM = µs + ξ
MuM = µs − µn + µ+ TδBϕ. (3.25)
Out of the five terms in eqn. (3.24), the last one has trivially zero divergence and hence can
be ignored. The forth term on the other hand can be removed by elimination of ∇M(RsξM)
using the ϕ equation of motion. Computing the divergence of the remaining terms in
NM and comparing them to eqn. (3.23), we can directly read out the corresponding
null superfluid constitutive relations (the symbol ‘∋’ represents that they are not yet the
complete solutions of eqn. (3.23); we still have to add the terms with NM = 0),
T MN ∋ uMuN
(
3∑
i=1
αRn,iSe,i −
1
T
∇R(Tf3ζR)
)
+ 2V (MuN)
(
3∑
i=1
αE,iSe,i − 1
T
∇R(Tf1ζR)
)
+
(
ζMζN + 2ζ(MuN) − 2ζ(MV N)(uRξR)
) 3∑
i=1
αRs,iSe,i
− 2ξ(M
3∑
i=1
fiV
N)
e,i + P˜
MN
3∑
i=1
fiSe,i + 2ζ
(MV N)
3∑
i=1
fiS5+i,
JM ∋ uM
(
3∑
i=1
αQ,iSe,i − 1
T
∇R(Tf2ζR)
)
− ζM
3∑
i=1
αRs,iSe,i +
3∑
i=1
fiV
M
e,i ,
K ∋ ∇M
(
ζM
3∑
i=1
αRs,iSe,i −
3∑
i=1
fiV
M
e,i
)
, (3.26)
where P˜MN = gµν + 2u(MV N) − 1
ζRζR
ζMζN , and we have defined,
dfi =
αE,i
T
dT + TαRn,idνn + TαQ,idν +
(
αRs,i −
fi
2µˆs
)
dµˆs. (3.27)
The actual computation is not neat and we have presented the details in appendix (B) for
the aid of the readers interested in reproducing our results. Note that these constitutive
relations are presented in terms of ‘data’ which are natural for this sector; readers can
modify these to their favorite basis and get results which might look considerably messier.
Moreover, these results are written in a particular ‘hydrodynamic frame’ chosen by aligning
uM , T , µ, µn along β
M , Λβ, which again can be modified according to reader’s preference.
2. Let us now look at the parity-even solutions to eqn. (3.23) with NM = 0,
0 =
1
2
T MNδBgMN + J MδBAM +KδBϕ+D. (3.28)
Every term in T MN , J M , K must either cancel or contribute to ∆ which has to be a
quadratic form. It follows that the terms in T MN , J M , K must be proportional to δBgMN ,
δBAM , δBϕ. Recall however that we have chosen to eliminate u
MδBgMN , u
MδBAM using
the equations of motion. For ∆ to be a quadratic form, it therefore implies that T MN ,
J M cannot have a term like #(MuN), #uM respectively for some vector #M and scalar #.
With this input let us write down the most generic allowed form of the currents in terms
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of 34 new transport coefficients [βij ]5×5 (with β55 = α/T ), [κij ]3×3 and η,
T MN ∋ −T
[{
β11P˜
RS + 2β12ζ
(RV S) + β13ζ
RζS
}
P˜MN +
{
β21P˜
RS + 2β22ζ
(RV S) + β23ζ
RζS
}
2ζ(MV N)
+
{
β31P˜
RS + 2β32ζ
(RV S) + β33ζ
RζS
}
ζMζN
+ 4
{
κ11V
(R + κ12ζ
(R
}
P˜ S)(MV N) + 4
{
κ21V
(R + κ22ζ
(R
}
P˜ S)(MζN) + ηP˜M〈RP S〉N
]
1
2
δBgRS
− T
[
β14ζ
RP˜MN + 2β24ζ
Rζ(MV N) + β34ζ
RζMζN + 2κ13P˜
R(MV N) + 2κ23P˜
R(MζN)
]
δBAR,
− T
[
β15P˜
MN + 2β25ζ
(MV N) + β35ζ
MζN
]
δBϕ
= −P˜MN
5∑
i=1
β1iSi − 2ζ(MV N)
5∑
i=1
β2iSi − ζMζN
5∑
i=1
β3iSi − 2V (M
3∑
i=1
κ1iV
N)
i
− 2ζ(M
3∑
i=1
κ2iV
N)
i − ησMN , (3.29)
JM ∋ −T
[{
β41P˜
RS + 2β42ζ
(RV S) + β43ζ
RζS
}
ζM + 2
{
κ31V
(R + κ32ζ
(R
}
P˜ S)M
]
1
2
δBgRS
− T
[
β44ζ
MζN + κ33P
MN
]
δBAR − T
[
β45ζ
M
]
δBϕ,
= −ζM
5∑
i=1
β4iSi −
3∑
i=1
κ3iV
M
i , (3.30)
K ∋ −T
[
β51P˜
RS +2β52ζ
(RV S) + β53ζ
RζS
]
δBgRS − T
[
β54ζ
M
]
δBAM = −
4∑
i=1
β5iSi. (3.31)
Note that we did not include a term proportional to δBϕ in K, because such a term is
already present in K = −αδBϕ + ∇M(RsξM) + K + O(∂2). Plugging these back into
eqn. (3.28) and defining β55 = α/T we can read out the parity-even quadratic form
∆|even = α(δBϕ)2 +D|even,
T∆|even =
5∑
i,j=1
SiβijSj +
3∑
i,j=1
V Mi κijVj,M + ησ
MNσMN ,
=
5∑
i,j=1
Siβ
(s)
ij Sj +
3∑
i,j=1
V Mi κ
(s)
ij Vj,M + ησ
MNσMN . (3.32)
In the second step we have realized that only the symmetric parts of the matrices βij
and κij will survive in this expression, and will contribute towards dissipation. Thus
only 22 out of 35 transport coefficients (including α) are dissipative; the remaining 13 are
non-dissipative.
3.4.2 Parity-Odd (5 Dimensions)
We can find the most general parity-odd solution of eqn. (3.23) in 3 steps: (1) first we consider
a particular set of solutions which takes care of the anomaly N⊥H and proceed towards the non-
anomalous constitutive relations, (2) then we write down the most general allowed parity-odd
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NM and find a set of constitutive relations pertaining to that, and (2) finally find the most
general parity-odd constitutive relations with zero NM .
1. In 4 dimensions at the first order in the derivatives TM⊥H = 0 and J
⊥
H = −34C(4)ǫMNRSTuMFNRFSR
[16, 19], which implies,
N⊥H = −
3
4
C(4)
µ
T
ǫMNRSTuMFNRFSR. (3.33)
A particular solution pertaining to eqn. (3.23) with this N⊥H is given as (see [16]),
T MN ∋ 6C(4)µ2V (MBN), J M ∋ 6C(4)µBM , K ∋ 0, NM ∋ 3C(4)µ
2
T
BM . (3.34)
Here we have defined the magnetic field and fluid vorticity as,
BM =
1
2
ǫMNRSTVNuRFST , ω
M = ǫMNRSσVNuR∂SuT . (3.35)
2. One can check that the most general form of NM (whose divergence only contains product
of derivatives and has at least one δB per term) can be written as (see appendix (A) for
more details),
NM = g1
(
βM S˜e,1 + V˜
M
4
)
+ g2
(
βM S˜e,2 + V˜
M
3
)
+ g3V˜
M
1 + C1Tω
M , (3.36)
where g’s are functions of T , ν, µˆs, and C1 is a constant
6. From here we can directly read
out the corresponding constitutive relations,
T MN ∋ uMuN
2∑
i=1
α˜Rn,iS˜e,i + 2V
(MuN)
2∑
i=1
α˜E,iS˜e,i
+
(
ζMζN + 2ζ(MuN) − 2ζ(MV N)(uRξR)
) 2∑
i=1
α˜Rs,iS˜e,i − ζMζN
2∑
i=1
gi
2µˆs
S˜e,i
− 2V (M
2∑
i=1
giV˜
N)
e,i+2 − 2u(M
2∑
i=1
giV˜
N)
e,i + 2C1T
2V (MωN)
+ 2u(MP
N)
P ǫ
PKRST∇K (Tg1VRuSξT ) + 2V (MPN)P∇K (g3TǫPKRSTVRuSζT ) ,
JM ∋ uM
2∑
i=1
α˜Q,iS˜e,i − ζM
2∑
i=1
α˜Rs,iS˜e,i +
2∑
i=1
giV˜
M
e,i + P
M
Kǫ
KNRST∇N (Tg2VRuSξT ) ,
K ∋ ∇M
(
ζM
2∑
i=1
α˜Rs,iS˜e,i −
2∑
i=1
giV˜
M
e,i
)
, (3.37)
where we have defined,
dgi =
1
T
α˜E,idT + T α˜Q,idν + T α˜Rn,idνn +
(
α˜Rs,i −
gi
2µˆs
)
dµˆs. (3.38)
The actual computation is not neat and we have presented the details in appendix (B) for
interested readers.
6It might be noted that since ∇Mω
M = 0, C1 a priory can be an arbitrary function rather than a constant.
However, if we do the same computation in presence of torsion and later turn it off, which allows for ∂[MVN] 6= 0,
we will be forced to set C1 to be a constant (see appendix (A) of [16]). Another way to see that C1 should be a
constant is using the equilibrium partition function discussed in appendix (A).
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3. We should finally consider the parity-odd constitutive relations that satisfy eqn. (3.23)
with zero LHS. Following our discussion in the parity-even sector, the allowed form of the
constitutive relations can be written down in terms of 10 coefficients [κ˜ij ]3×3 and η˜,
T MN ∋ −TVTuKζL
[
4V (MǫN)TKL(R
{
κ˜11V
S) + κ˜12ζ
S)
}
+ 4ζ(MǫN)TKL(R
{
κ˜21V
S) + κ˜22ζ
S)
}
+ η˜P˜ P(MǫN)TKL(RP˜
S)
P
]
1
2
δBgRS − TVTuKζL
[
2κ˜13V
(MǫN)TKLR + 2κ˜23ζ
(MǫN)TKLR
]
δBAR,
= −2V (M
3∑
i=1
κ˜1iV˜
N)
i − 2ζ(M
3∑
i=1
κ˜2iV˜
N)
i − η˜σ˜MN ,
J µ ∋ −TVTuKζL
[
2ǫMTKL(R
{
κ˜31V
S) + κ˜32ζ
S)
}]1
2
δBgRS − TVTuKζL
[
κ˜33ǫ
MTKLR
]
δBAR,
= −
3∑
i=1
κ˜3iV˜
M
i ,
K ∋ 0. (3.39)
One can check that these constitutive relations trivially satisfy eqn. (3.23) with zero LHS
and the quadratic form ∆|odd = D|odd is given as,
T∆|odd ∋ −ǫMNRSTVRuSζT

 3∑
i,j=1
Vi,M κ˜ijVj,N + η˜σMPσ
P
N

 ,
= −ǫMNRSTVRuSζT
3∑
i,j=1
Vi,M κ˜
(a)
ij Vj,N . (3.40)
It follows that out of the 10 transport coefficients, only 3 contribute to dissipation and
the other 7 are non-dissipative.
3.4.3 Positivity Constraints
The dissipative transport coefficients are required to satisfy a set of inequalities to satisfy ∆ =
α(δBϕ)
2 +D|even +D|odd ≥ 0,
T∆ =
5∑
i,j=1
Siβ(ij)Sj +

 3∑
i,j=1
V Mi κ(ij)Vj,M +
3∑
i,j=1
V Mi κ˜[ij]V˜j,M

+ ησMNσMN . (3.41)
We want this expression to be a quadratic form, which it nearly is except the parity-odd terms
in the brackets. However this term can be made into a quadratic form by noticing that the
square of a parity odd term is parity-even, due to the identity,
(ǫMNRSTVRuSζT ) (ǫMKLOPV
LuOζP ) = P˜NKζ
MζM = −2µˆsP˜NK , (3.42)
We define,

V ′M1
V ′M2
V ′M3

 =


V M1
V M2
V M3

+


0 a12 a13
0 0 a23
0 0 0




V˜ ′M1
V˜ ′M2
V˜ ′M3

 , κ′ij = κij + kij, k[ij] = 0, (3.43)
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such that,
3∑
i,j=1
V ′Mi κ
′
(ij)V
′
j,M =
3∑
i,j=1
V Mi κ(ij)Vj,M +
3∑
i,j=1
V Mi κ˜[ij]V˜j,M . (3.44)
Using the identity eqn. (3.42), the above equation can be easily solved to give,
[aij] =


0
κ˜[12]
κ11
κ11(κ22κ˜[13]−κ(12)κ˜[23])−κ˜[12](κ(12)κ(13)+ζMζM κ˜[12]κ˜[13])
κ11
(
κ11κ22−κ2(12)−ζ
MζM κ˜
2
[12]
)
0 0
κ11κ˜[23]−κ(12)κ˜[13]+κ(13)κ˜[12]
κ11κ22−κ2(12)−ζ
MζM κ˜
2
[12]
0 0 0

 , (3.45)
[kij ] =


0 0 0
0 −ζMζM (κ˜[12])
2
κ11
−ζMζM κ˜[12]κ˜[13]κ11
0 −ζMζM κ˜[12]κ˜[13]κ11 −ζMζM
(
(κ˜[13])
2
κ11
+
(κ11κ˜[23]−κ(12)κ˜[13]+κ(13)κ˜[12])
2
κ11
(
κ11κ22−κ2(12)−ζ
MζM κ˜
2
[12]
)
)

 . (3.46)
Consequently ∆ will take the form,
T∆ =
5∑
i,j=1
Siβ(ij)Sj +
3∑
i,j=1
V ′Mi κ
′
(ij)V
′
j,M + ησ
MNσMN . (3.47)
Given T ≥ 0, the condition ∆ ≥ 0 implies that η ≥ 0 and the matrices [β(ij)]5×5, [κ′(ij)]3×3
have all non-negative eigenvalues. This gives 9 inequalities among 25 dissipative transport
coefficients, and 16 are completely arbitrary.
3.5 Summary
We have completed the analysis of a null superfluid up to the first order in derivatives. Here we
summarize the results. We found that the entire null superfluid transport up to the first order
in derivatives is characterized by an ideal order pressure P , 51 first order transport coefficients
which are functions of T , µ/T , µn/T , µˆs, and two constants C1, C
(4). P , C1 and C
(4) along
with 6 transport coefficients,
Parity Even (3): f1, f2, f3, Parity Odd (3): g1, g2, g3, (3.48)
totally determine the hydrostatic transport (part of the constitutive relations that survive at
equilibrium). Non-hydrostatic non-dissipative transport (part that does not survive at equilib-
rium but doesn’t contribute to ∆ ≥ 0 either) is given by 20 transport coefficients,
Parity Even (13): [β[ij]]5×5 (antisymmetric), [κ[ij]]3×3 (antisymmetric),
Parity Odd (7): [κ˜(ij)]3×3 (symmetric), η˜. (3.49)
Finally the entire dissipative transport is given by 25 transport coefficients,
Parity Even (22): [β(ij)]5×5 (symmetric), [κ(ij)]3×3 (symmetric), η,
Parity Odd (3): [κ˜[ij]]3×3 (antisymmetric). (3.50)
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These dissipative transport coefficients follow a set of inequalities (κ′ij is defined in eqn. (3.43)),
[β(ij)]5×5, [κ
′
(ij)]3×3, η ≥ 0, (3.51)
where a ‘non-negative matrix’ implies all its eigenvalues are non-negative. Using P , fi, gi we
define some new functions,
dP = SdT +Qdµ+Rndµn +Rsdµs, E + P = ST +Qµ+Rnµn,
dfi =
αE,i
T
dT+TαRn,idνn+TαQ,idν+
(
αRs,i −
fi
2µˆs
)
dµˆs, αE,i+fi = αS,iT+αQ,iµ+αRn,iµn,
dgi =
α˜E,i
T
dT+T α˜Rn,idνn+T α˜Q,idν+
(
α˜Rs,i −
gi
2µˆs
)
dµˆs, α˜E,i+gi = α˜S,iT+α˜Q,iµ+α˜Rn,iµn.
(3.52)
In terms of these transport coefficients, corrections to the Josephson equation (K = 0) coming
from the first order null superfluid transport are given as (here β55 = α/T ),
uMξM + µn − µ = 1
β55
∇M(RsξM)−
4∑
i=1
β5i
β55
Si
+
1
β55
∇M
(
ζM
3∑
i=1
αRs,iSe,i + ζ
M
2∑
i=1
α˜Rs,iS˜e,i −
3∑
i=1
fiV
M
e,i −
2∑
i=1
giV˜
M
e,i
)
+O(∂2), (3.53)
which can be seen as determining uMξM in terms of the other null superfluid variables. Note
that though this equation contains second order terms, it is only correct up to the first order in
derivatives, and will admit further corrections coming from higher order null superfluid trans-
port. The energy-momentum tensor, charge current and entropy current up to first order in
derivatives are however given as,
TMN = Rnu
MuN + 2Eu(MV N) + PPMN +Rsξ
MξN + T MN +O(∂2),
JM = QuM −RsξM + JM +O(∂2)
JMS = Su
M + SM +O(∂2), (3.54)
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where the higher derivative corrections are,
T MN = uMuN
[
3∑
i=1
αRn,iSe,i +
2∑
i=1
α˜Rn,iS˜e,i −
1
T
∇R(Tf3ζR)
]
+ 2V (MuN)
[
3∑
i=1
αE,iSe,i +
2∑
i=1
α˜E,iS˜e,i − 1
T
∇R(Tf1ζR)
]
+ 2ζ(MuN)
[
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i
]
+ 2ζ(MV N)
[
3∑
i=1
fiS5+i − (uRξR)
(
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i
)
−
5∑
i=1
β2iSi
]
+ ζMζN
[
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i −
2∑
i=1
gi
2µˆs
S˜e,i −
5∑
i=1
β3iSi
]
+ 2u(M
[
−
3∑
i=1
fiV
N)
e,i −
2∑
i=1
giV˜
N)
e,i + P
N)
P ǫ
PKRST∇K (Tg1VRuSξT )
]
+ 2V (M
[
(uRξR)
3∑
i=1
fiV
N)
e,i −
2∑
i=1
giV˜
N)
e,i+2 −
3∑
i=1
κ1iV
N)
i −
3∑
i=1
κ˜1iV˜
N)
i + 3C
(4)µ2BN)
+ P
N)
P ǫ
PKRST∇K (Tg3VRuSζT ) + C1T 2ωN)
]
+ P˜MN
[
3∑
i=1
fiSe,i −
5∑
i=1
β1iSi
]
− 2ζ(M
[
3∑
i=1
fiV
N)
e,i +
3∑
i=1
κ2iV
N)
i +
3∑
i=1
κ˜2iV˜
N)
i
]
− ησMN − η˜σ˜MN , (3.55)
JM = uM
[
3∑
i=1
αQ,iSe,i +
2∑
i=1
α˜Q,iS˜q,i − 1
T
∇R(Tf2ζR)
]
+ PMKǫ
KNRST∇N (Tg2VRuSξT )
− ζM
[
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i +
5∑
i=1
β4iSi
]
+
3∑
i=1
fiV
M
e,i +
2∑
i=1
giV˜
M
e,i −
3∑
i=1
κ3iV
M
i −
3∑
i=1
κ˜3iV˜
M
i + 6C
(4)µBM , (3.56)
SM = uM
[
3∑
i=1
αS,iSe,i +
2∑
i=1
α˜S,iS˜e,i − 1
T 2
∇R(Tf1ζR) + µn
T 2
∇R(Tf3ζR) + µ
T 2
∇R(Tf2ζR)
]
+ ζM
5∑
i=1
µβ4i − β2i
T
Si +
3∑
i=1
µκ3i − κ1i
T
V Mi +
3∑
i=1
µκ˜3i − κ˜1i
T
V˜ Mi
+ Tg1ǫ
MNRSTVNuRζS∂Tνn + Tg2ǫ
MNRSTVNuRζS∂Tν + 2C1Tω
M
− PMKǫKNRST
[
µn
T
∇N (Tg1VRuSξT ) + µ
T
∇N (Tg2VRuSξT )− 1
T
∇N (Tg3VRuSξT )
]
. (3.57)
The scalar S5 = TδBϕ = u
MξM+µn−µ appearing here can be eliminated in favor of ∇M(RsξM)
using the Josephson equation. We will like to reiterate that these results are presented in
a particular hydrodynamic frame (gained by aligning uM , T , µn, µ along β
µ, Λβ) and in a
“natural” choice of basis for the independent data. They can be transformed to any other
preferred hydrodynamic frame or basis by a straight forward substitution.
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4 | Null Reduction to Galilean Superfluids
We now reduce our null superfluid results to Galilean superfluids. The results are presented in
the covariant Newton-Cartan notation and the conventional non-covariant notation (for super-
fluids coupled to flat space-time). For more details on the reduction, please refer [16].
4.1 Newton-Cartan Notation
We start with a quick review of null reduction of null backgrounds to Newton-Cartan back-
grounds; for details see [16]. For an excellent review of Newton-Cartan geometries, please refer
the appendix of [32].
Background and Hydrodynamic Fields: On our null background M(d+1), we choose a
basis {xM} = {x−, xµ} such that the null isometry V = {V = ∂−,ΛV = 0}. The fact that V
is an isometry implies that all the fields in the theory are independent of the x− coordinate.
To perform the reduction, we require an arbitrary null field vM normalized as vMvM = 0,
vMVM = −1, which can be interpreted as providing a “Galilean frame of reference”. In the case
of a null (super)fluid, the null fluid velocity vM = uM defines a special Galilean frame which
we refer to as the “fluid frame of reference”. In an arbitrary Galilean frame, we decompose the
fields V M , vM , gMN , AM in the chosen basis as,
V M =
(
1
0
)
, vM =
(
vµB
(v)
µ
vµ
)
, gMN =
(
0 −nν
−nµ hµν + 2n(µB(v)ν)
)
, AM =
(
−1
Aµ
)
, (4.1)
along with,
VM =
(
0
−nµ
)
, vM =
(
−1
B
(v)
µ
)
, gMN =
(
hνρB
(v)
ν B
(v)
ρ − 2vµB(v)µ hνρB(v)ρ − vν
hµνB
(v)
ν − vµ hµν
)
, (4.2)
such that,
nµv
µ = 1, vµhµν = 0, nµh
µν = 0, hµρh
ρν + nµv
ν = δ νµ . (4.3)
The collection of fields {nµ, vµ, hµν , hµν , B(v)µ } defines a Newton-Cartan structure. The condition
∇MV N = 0 implies that the “time-metric” n = nµdxµ is a closed one-form, i.e. dn = 0; this is
known to be true for torsionless Newton-Cartan structures. Note that after choosing the said
basis, the residual diffeomorphisms are xµ → xµ + χµ(xν) and x− → ξ− + χ−(xµ). The former
of these are just the Newton-Cartan diffeomorphisms, while the latter are known as“mass gauge
transformations”. Only fields that transform under these mass gauge transformations are,
δχ−B
(v)
µ = −∂µχ−, δχ−Aµ = −∂µχ−. (4.4)
B
(v)
µ is therefore known as the mass gauge field. On the other hand mass gauge transformation
of Aµ can be absorbed into its U(1) gauge transformation. We define the volume element on a
Newton-Cartan background as,
εµνρσ = vMǫ
Mµνρσ = −ǫ−µνρσ. (4.5)
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Note that the volume element is independent of the Galilean frame employed to define it. The
Levi-Civita connection ΓRMN decomposes in this basis as,
Γλµν = v
λ∂(µnν) +
1
2
hλρ (∂µhρν + ∂νhρµ − ∂ρhµν)− Ω(v)σ(µnν)hσλ,
Γ−µν = hλ(µ
∇ν)vλ − ∇(µB(v)ν) , (4.6)
and all the remaining components zero. Here we have identified Γλµν as the (torsionless) Newton-
Cartan connection and denoted the respective covariant derivative by ∇µ. We have also defined
the (dual) frame vorticity and electromagnetic field strength as,
Ω(v)µν = 2hσ[ν
∇µ]vσ = ∂µB(v)ν − ∂νB(v)µ , Fµν = ∂µAν − ∂νAµ. (4.7)
The covariant derivative ∇ acts on the Newton-Cartan structure appropriately,
∇µnν = 0, ∇µhρσ = 0, ∇µhνρ = −2n(νhρ)σ ∇µvσ . (4.8)
Note that vM was an arbitrary field chosen to perform the reduction, and one is allowed to
arbitrarily redefine it without changing the physics. This leads to the invariance of the system
under “Milne transformations” of the Newton-Cartan structure,
vµ → vµ + ψµ, hµν → hµν − 2n(µψν) + nµnνψρψρ, B(v)µ → B(v)µ + ψµ −
1
2
nµψ
ρψρ, (4.9)
where ψµnµ = 0, ψµ = hµνψ
ν . The fields nµ, h
µν , Γρµν and εµνρσ are Milne invariant. We can
now decompose the fluid velocity uM and the associated projector PMN as,
uM =
(
uµBµ
uµ
)
, uM =
(
−1
Bµ
)
, PMN =
(
0 0
0 pµν
)
, PMN =
(
pνρBνBρ p
µνBν
pµνBν p
µν
)
. (4.10)
The fields {nµ, uµ, pµν , pµν , Bµ} define the Newton-Cartan structure in the fluid frame of refer-
ence, satisfying,
nµu
µ = 1, uµpµν = 0, nµp
µν = 0, pµρp
ρν + nµu
ν = δ νµ . (4.11)
They can be re-expressed in terms of {nµ, vµ, hµν , hµν , B(v)µ } using eqn. (4.9) with ψµ = u¯µ =
hµνu
ν = uµ − vµ,
pµν = hµν , pµν = hµν − 2n(µu¯ν) + nµnν u¯ρu¯ρ, Bµ = B(v)µ + u¯µ −
1
2
nµu¯
ρu¯ρ. (4.12)
The (dual) fluid vorticity is defined similar to the (dual) frame vorticity as,
Ωµν = 2pσ[ν
∇µ]uσ = ∂µBν − ∂νBµ. (4.13)
For later use, we define the magnetic field and fluid vorticity,
Bµ =
1
2
ενρσµnνFρσ , ω
µ =
1
2
ενρσµnνΩρσ. (4.14)
Finally the superfluid velocity can be decomposed as,
ζM =
(
Bµζ
µ
ζµ
)
, ξM =
(
µs +
1
2pµνζ
µζν +Bµξ
µ
ξµ = ζµ + uµ
)
, (4.15)
where ξµnµ = 1, ζ
µnµ = 0. We have treated the superfluid potential µs as an independent com-
ponent of ξM . The hatted superfluid potential is however given as µˆs = −12ζµζµ. Decomposition
of the projector P˜MN on the other hand is,
P˜MN =
(
0 0
0 p˜µν = pµν − ζµζνpρσζρζσ
)
, P˜MN =
(
p˜νρBνBρ p˜
µνBν
p˜µνBν p˜
µν = pµν − ζµζν
pρσζρζσ
)
. (4.16)
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Currents and Conservation: The mass current ρµ, energy current ǫµ, stress tensor tµν ,
charge current jµ and entropy current sµ on Newton-Cartan backgrounds can be respectively
read out in terms of TMN , JM , JMS as [16],
ρµ = −T µMVM , ǫµ = −T µMuM , tµν = PµMP νNTMN , jµ = Jµ, sµ = JµS , (4.17)
with tµν = tνµ and tµνnν = 0. They satisfy the conservation laws and the second law of
thermodynamics,
Mass Conservation: ∇µρµ = 0,
Energy Conservation: ∇µǫµ = −uνFνρjρ − (uµρσ + tµσ) pσν ∇µuν − TH⊥νuν ,
Momentum Conservation: ∇µ(uµpσνρν + tµσ) = pσνFνρjρ − ρµ ∇µuσ +TH⊥νpσν ,
Charge Conservation: ∇µjµ = J⊥H,
Second Law of Thermo.: ∇µsµ ≥ 0. (4.18)
The energy current ǫµ and the stress tensor tµν in eqn. (4.17) are defined in the fluid frame of
reference; we can define the respective quantities in an arbitrary frame of reference,
ǫµ(v) = −T µMvM = ǫµ + uµu¯νpνρρρ +
1
2
ρµu¯ρu¯ρ + t
µν u¯ν ,
tµν(v) = (P(v))
µ
M(P(v))
ν
NT
MN = tµν + 2u¯(µhν)σρ
σ − u¯µu¯νρσnσ, (4.19)
where PMN(v) = g
MN + 2v(MV N). They satisfy the conservation laws,
∇µǫµ(v) = −vνFνρjρ −
(
vµρσ + tµσ(v)
)
hσν
∇µvν − TH⊥νvν
∇µ(vµhσνρν + tµσ(v)) = hσνFνρjρ − ρµ ∇µvσ +TH⊥νhσν . (4.20)
Galilean Superfluid Constitutive Relations: Finally, by a direct computation we can find
that the Galilean superfluid constitutive relations in the fluid frame take a structural form.
ρµ = ρuµ +Rsξ
µ + ςµρ ,
ǫµ = ǫuµ +Rs
(
1
2
ζµζµ + µs
)
ξµ + ςµǫ ,
tµν = Ppµν +Rsζ
µζν + ςµνt ,
jµ = quµ −Rsξµ + ςµq ,
sµ = suµ + ςµs . (4.21)
While in an arbitrary frame, energy current and stress tensor are given as,
ǫµ(v) = u
µ
(
ǫ+
1
2
ρu¯2 + ςσρ u¯σ
)
+Rsξ
µ
(
1
2
ξ¯2 + µs
)
+ Pu¯µ +
(
ςµǫ +
1
2
ςµρ u¯
2 + ςµρs u¯ρ
)
,
tµν(v) = ρu¯
µu¯ν +Rsξ¯
µξ¯ν + Phµν +
(
ςµνs + 2ς
(µ
ρ u¯
ν)
)
, (4.22)
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Newton-Cartan Data Non-Covariant Data
Vanishing at Equilibrium – Onshell Independent
S1 p˜
µ
ν
∇µuν S1 p˜ij∂iuj
S2, Se,1
1
T
ζµ∂µT S2, Se,1
1
T
ζ i∂iT
S3 ζ
µζν
∇µuν S3 ζ iζj∂iuj
S4 ζ
µ (T∂µν + u
νFνµ) S4 ζ
i(T∂iν − ei + ujβji)
S5 −12ζµζµ − µs + µn − µ S5 −12ζkζk − µs + µn − µ
V µ1 , V
µ
e,1
1
T
p˜µν∂νT V
i
1 , V
i
e,1
1
T
p˜ij∂jT
V µ2 2p˜
µνζσpρ(σ
∇ν)uρ V i2 p˜ijζk∂(juk)
V µ3 p˜
µν (T∂νν + u
ρFρν) V
i
3 p˜
ij(T∂jν − ej + ukβkj)
σµν p˜µρp˜νσ
(
pτ(ρ
∇σ)uτ − p˜ρσd−1S1
)
σij p˜ikp˜jl(∂(kul) +
p˜kl
d−1S1)
V˜ µ1 −εµνρσnνζρV1,σ V˜ i1 εijkζjV1,k
V˜ µ2 −εµνρσnνζρV2,σ V˜ i2 εijkζjV2,k
V˜ µ3 −εµνρσnνζρV3,σ V˜ i3 εijkζjV3,k
σ˜µν −ε(µ|ρστnρζσσ ν)τ σ˜ij ε(i|klζkσ j)l
Vanishing at Equilibrium – Onshell Dependent
S6
1
T
uµ∂µT S6
1
T
(∂tT + u
i∂iT )
S7 Tu
µ∂µν S7 T (∂tν + u
i∂iν)
S8 Tu
µ∂µνn S8 T (∂tνn + u
i∂iνn)
S9 ζ
µ (T∂µνn + u
νpρµ
∇νuρ) S9 ζ i(T∂iνn + ∂tui + uj∂jui)
V µ4 P˜
µν (T∂ννn + u
σpρν
∇σuρ) V i4 p˜ij(T∂jνn + ∂tuj + uk∂kuj)
V˜ µ4 −εµνρσnνζρV4,σ V˜ i4 εijkζjV4,k
Surviving at Equilibrium
Se,2 Tζ
µ∂µν Se,2 Tζ
i∂iν
Se,3 Tζ
µ∂µνn Se,3 Tζ
i∂iνn
...
...
...
...
V µe,2 T p˜
µν∂νν V
i
e,2 T p˜
ij∂jν
V µe,3 T P˜
µν∂ννn V
i
e,3 T p˜
ij∂jνn
...
...
...
...
S˜e,1 Tε
µνρσnµζν∂ρBσ S˜e,1 Tε
ijkζi∂juk
S˜e,2
T
2 ε
µνρσnµζνFρσ S˜e,2
T
2 ε
ijkζiβjk
...
...
...
...
V˜ µe,1 −T p˜µτ ετνρσnν∂ρBσ V˜ ie,1 T p˜ilεljk∂juk
V˜ µe,2 −T2 p˜µτ ετνρσnνFρσ V˜ ie,2 T2 p˜ilεljkβjk
V˜ µe,3 T p˜
µ
τετνρσζν∂ρBσ + (µs +
1
2ζ
µζµ)V˜
µ
e,1 V˜
i
e,3 −T
(
uiεjklζj∂kul − εijkζj∂tuk
)
+(µs +
1
2ζ
kζk)V˜
i
e,1
V˜ µe,4
T
2 p˜
µ
τ ετνρσζνFρσ + (µs +
1
2ζ
µζµ)V˜
µ
e,2 V˜
i
e,4 −T
(
ui 12ε
jklζjβkl + ε
ijkζjek
)
+(µs +
1
2ζ
kζk)V˜
i
e,2
...
...
...
...
Table 4: Independent null superfluid data at the first order in derivatives. Note that we have not,
neither do we need to, enlist all the independent data that survives in equilibrium; the ones listed here
are the only ones we use in the null superfluid constitutive relations.
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where u¯µ = hµνuν = uµ − vµ and ξ¯µ = hµνξν = ξµ − vµ. Various quantities appearing in the
constitutive relations can be found via reduction as: fluid densities,
ρ = Rn +
3∑
i=1
αRn,iSe,i +
2∑
i=1
α˜Rn,iS˜e,i −
1
T
∇ρ(Tf3ζρ),
ǫ = E +
3∑
i=1
αE,iSe,i +
2∑
i=1
α˜E,iS˜e,i − 1
T
∇ρ(Tf1ζρ)
q = Q+
3∑
i=1
αQ,iSe,i +
2∑
i=1
α˜Q,iS˜q,i − 1
T
∇ρ(Tf2ζρ),
s = S +
3∑
i=1
αS,iSe,i +
2∑
i=1
α˜S,iS˜e,i − 1
T 2
∇ρ(Tf1ζρ) + µn
T 2
∇ρ(Tf3ζρ) + µ
T 2
∇ρ(Tf2ζρ). (4.23)
and dissipative currents,
ςµρ = ζ
µ
[
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i
]
−
3∑
i=1
fiV
µ
e,i −
2∑
i=1
giV˜
µ
e,i + ε
µνρσ∂ν (Tg1nρζσ) ,
ςµǫ = ζ
µ
[
3∑
i=1
fiS5+i + (µs +
1
2
ζµζµ)
(
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i
)
−
5∑
i=1
β2iSi
]
+ (µs +
1
2
ζµζµ)
3∑
i=1
fiV
µ
e,i −
2∑
i=1
giV˜
µ
e,i+2 −
3∑
i=1
κ1iV
µ
i −
3∑
i=1
κ˜1iV˜
µ
i + 3C
(4)µ2Bµ
+ εµνρσ∂ν (Tg3nρζσ) + C1T
2ωµ,
ςµνt = ζ
µζν
[
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i −
2∑
i=1
gi
2µˆs
S˜e,i −
5∑
i=1
β3iSi
]
− ησµν − η˜σ˜µν
− 2ζ(µ
[
3∑
i=1
fiV
ν)
e,i +
3∑
i=1
κ2iV
ν)
i +
3∑
i=1
κ˜2iV˜
ν)
i
]
+ p˜µν
[
3∑
i=1
fiSe,i −
5∑
i=1
β1iSi
]
,
ςµq = −ζµ
[
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i +
5∑
i=1
β4iSi
]
+ εµνρσ∂ν (Tg2nρζσ)
+
3∑
i=1
fiV
µ
e,i +
2∑
i=1
giV˜
µ
e,i −
3∑
i=1
κ3iV
µ
i −
3∑
i=1
κ˜3iV˜
µ
i + 6C
(4)µBµ,
ςµs = ζ
µ
5∑
i=1
µβ4i − β2i
T
Si − εµνρσ
[
µn
T
∂ν (Tg1nρζσ) +
µ
T
∂ν (Tg2nρζσ)− 1
T
∂ν (Tg3nρζσ)
]
+
3∑
i=1
µκ3i − κ1i
T
V µi +
3∑
i=1
µκ˜3i − κ˜1i
T
V˜ µi − Tg1εµνρσnνζρ∂σνn − Tg2εµνρσnνζρ∂σν
+ 2C1Tω
µ. (4.24)
In addition, we also have the Josephson equation,
− 1
2
ζµζµ − µs + µn − µ = 1
β55
∇µ(Rsξµ)−
4∑
i=1
β5i
β55
Si
+
1
β55
∇µ
(
ζµ
3∑
i=1
αRs,iSe,i + ζ
µ
2∑
i=1
α˜Rs,iS˜e,i −
3∑
i=1
fiV
µ
e,i −
2∑
i=1
giV˜
µ
e,i
)
, (4.25)
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which is the derivative correction of the ideal order version µs = −12ζµζµ − µ + µn. This
completes our discussion of the first order Galilean (Newton-Cartan) superfluids; counting of
various transport coefficients appearing in the constitutive relations is same as the null superfluid
given in §3.5.
4.2 Non-Covariant Notation (for Flat Spacetime)
If the superfluid is coupled to a flat Galilean spacetime, it is fitting to re-express the results in
the conventional non-covariant notation where we treat the time and space indices distinctly.
It might help the reader to better relate the Galilean superfluid constitutive relations to the
existing Galilean literature, e.g. in [20].
Background and Hydrodynamic Fields: On the Newton-Cartan background, we choose a
basis {xµ} = {t, xi} such that the Galilean frame velocity (vµ) = ∂t. A flat Galilean background
is defined by a particular choice of the Newton-Cartan structure in this basis,
nµ =
(
1
0
)
, vµ =
(
1
0
)
, pµν =
(
0 0
0 δij
)
, pµν =
(
0 0
0 δij
)
, B(v)µ = 0, (4.26)
where δij = δij is the Kronecker delta. It can be checked that the respective Newton-Cartan
connection Γλµν = 0, justifying the spacetime to be flat. The Newton-Cartan structure in the
fluid frame can be worked out from here to be,
uµ =
(
1
ui
)
, Bµ =
(
−12ukuk
ui
)
, pµν =
(
0 0
0 δij
)
, pµν =
(
ukuk −uj
−ui δij
)
. (4.27)
We define the spatial volume element,
εijk = nµε
µijk = εtijk. (4.28)
The U(1) gauge field Aµ can be decomposed as Aµdx
µ = Atdt+Aidx
i. The fluid vorticity and
electromagnetic field strength on the other hand can be decomposed as,
Ωµν =
(
0 (∂t + u
k∂k)ui + ωiku
k
−(∂t + uk∂k)ui − ωikuk ωij = ∂iuj − ∂jui
)
, (4.29)
Fµν =
(
0 −ei = ∂tAi − ∂iAt
ei = −∂tAi + ∂iAt βij = ∂iAj − ∂jAi
)
, (4.30)
where ωij is the (dual) spatial vorticity, ei is the electric field and βij is the dual magnetic field.
For later use, we define the magnetic field and fluid vorticity,
Bi =
1
2
εijkβjk, ω
i =
1
2
εijkωjk. (4.31)
Finally the superfluid velocity can be decomposed as,
ζµ =
(
0
ζ i
)
, ξµ =
(
1
ξi = ui + ζ i
)
, µs = −ξt − 1
2
ξiξi, µˆs = −1
2
ζ iζi, (4.32)
with the projection operators,
p˜µν =
(
ukuk −uj
−ui p˜ij = δij − ζiζjζkζk
)
, p˜µν =
(
0 0
0 p˜ij = δij − ζiζj
ζkζk
)
. (4.33)
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Densities, Currents and Conservation Laws: In flat spacetime, the conservation laws
and the second law of thermodynamics take the well known form,
Mass Conservation: ∂tρ
t + ∂iρ
i = 0
Energy Conservation: ∂tǫ
t
(v) + ∂iǫ
i
(v) = j
iei − TH⊥t
Momentum Conservation: ∂tρ
j + ∂it
ij
(v)
=
(
ejjt + βjkjk
)
+TH
⊥j ,
Charge Conservation: ∂tj
t + ∂ij
i = J⊥H,
Second Law of Thermodynamics: ∂ts
t + ∂is
i ≥ 0, (4.34)
where we have identified various Galilean quantities: mass density ρt, mass current ρi, energy
density ǫt(v), energy current ǫ
i
(v), stress tensor t
ij
(v), charge density j
t, charge current ji, entropy
density st and entropy current si.
Superfluid Constitutive Relations: Finally, we can read out the structural form of the
Galilean superfluid constitutive relations in non-covariant notation using reduction,
ρt = ρ+Rs, ρ
i = ρui +Rsξ
i + ςiρ,
ǫt(v) = ǫ+Rsµs +
1
2
ρ~u2 +
1
2
Rs~ξ
2 + ςiρui,
ǫi(v) = u
i
(
ǫ+ P +
1
2
ρu¯2 + ςjρuj
)
+Rsξ
i
(
1
2
ξ¯2 + µs
)
+
(
ςiǫ +
1
2
ςiρu¯
2 + ςijs uj
)
,
tij(v) = ρu
iuj +Rsξ
iξj + Pδij +
(
ςijs + 2ς
(i
ρ u
j)
)
,
jt = q −Rs, ji = qui −Rsξi + ςiq,
st = s, si = sui + ςis. (4.35)
Various quantities appearing here can also be worked out using reduction: fluid densities,
ρ = Rn +
3∑
i=1
αRn,iSe,i +
2∑
i=1
α˜Rn,iS˜e,i −
1
T
∂i(Tf3ζ
i),
ǫ = E +
3∑
i=1
αE,iSe,i +
2∑
i=1
α˜E,iS˜e,i − 1
T
∂i(Tf1ζ
i)
q = Q+
3∑
i=1
αQ,iSe,i +
2∑
i=1
α˜Q,iS˜q,i − 1
T
∂i(Tf2ζ
i),
s = S +
3∑
i=1
αS,iSe,i +
2∑
i=1
α˜S,iS˜e,i − 1
T 2
∂i(Tf1ζ
i) +
µn
T 2
∂i(Tf3ζ
i) +
µ
T 2
∂i(Tf2ζ
i), (4.36)
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and dissipative currents,
ςiρ = ζ
i
[
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i
]
−
3∑
i=1
fiV
i
e,i −
2∑
i=1
giV˜
i
e,i + ε
ijk∂j (Tg1ζk) ,
ςiǫ = ζ
i
[
3∑
i=1
fiS5+i + (µs +
1
2
ζkζk)
(
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i
)
−
5∑
i=1
β2iSi
]
+ (µs +
1
2
ζkζk)
3∑
i=1
fiV
i
e,i −
2∑
i=1
giV˜
i
e,i+2 −
3∑
i=1
κ1iV
i
i −
3∑
i=1
κ˜1iV˜
i
i + 3C
(4)µ2Bi,
+ εijk∂j(Tg3ζk) + C1T
2ωi
ςijt = ζ
iζj
[
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i −
2∑
i=1
gi
2µˆs
S˜e,i −
5∑
i=1
β3iSi
]
− ησij − η˜σ˜ij
− 2ζ(i
[
3∑
i=1
fiV
j)
e,i +
3∑
i=1
κ2iV
j)
i +
3∑
i=1
κ˜2iV˜
j)
i
]
+ p˜ij
[
3∑
i=1
fiSe,i −
5∑
i=1
β1iSi
]
,
ςiq = −ζ i
[
3∑
i=1
αRs,iSe,i +
2∑
i=1
α˜Rs,iS˜e,i +
5∑
i=1
β4iSi
]
+ εijk∂j (Tg2ζk)
+
3∑
i=1
fiV
i
e,i +
2∑
i=1
giV˜
i
e,i −
3∑
i=1
κ3iV
i
i −
3∑
i=1
κ˜3iV˜
i
i + 6C
(4)µBi,
ςis = ζ
i
5∑
i=1
µβ4i − β2i
T
Si − εijk
[
µn
T
∂j (Tg1ζk) +
µ
T
∂j (Tg2ζk)− 1
T
∂j (Tg3ζk)
]
+
3∑
i=1
µκ3i − κ1i
T
V ii +
3∑
i=1
µκ˜3i − κ˜1i
T
V˜ ii + Tg1ε
ijkζj∂kνn + Tg2ε
ijkζj∂kν + 2C1Tω
i.
(4.37)
In addition, we have the Josephson equation,
− 1
2
ζ iζi − µs + µn − µ = 1
β55
(
∂tRs + ∂i(Rsξ
i)
)− 4∑
i=1
β5i
β55
Si
+
1
β55
∂k
(
ζk
3∑
i=1
αRs,iSe,i + ζ
k
2∑
i=1
α˜Rs,iS˜e,i −
3∑
i=1
fiV
k
e,i −
2∑
i=1
giV˜
k
e,i
)
, (4.38)
which is the derivative correction of the ideal order version µs = −12ζ iζi+µn−µ. These equation
can be compared with [20] for which the U(1) chemical potential µ = 0. This completes our
discussion of Galilean superfluids coupled to flat Galilean spacetime, expressed in non-covariant
notation.
5 | Discussion
We worked out the most generic constitutive relations of an (anomalous) Galilean superfluid up
to first order in derivative expansion, both in parity even and odd sectors. We extended the idea
of null fluid introduced in [15, 16] to null superfluid, which is a relativistic embedding of Galilean
41 | 5 Discussion
superfluids in one higher dimension, and used these to obtain the mentioned results. We found
the spectrum of transport coefficients to be extremely rich with 38 coefficients in parity-even
and 13 coefficients in parity-odd sector at first order, in addition to two undetermined constants
in parity-odd sector including the U(1) anomaly constant (see table (1)). Out of these, 3
parity-odd and 3 parity-even coefficients survive in equilibrium and determine the hydrostatic
physics, while 13 parity-even and 7 parity-odd coefficients govern non-dissipative phenomenon
away from equilibrium. On the other hand, 22 parity-even and 3 parity-odd coefficients are
dissipative. Though we did not discuss it in the main text, there are hints that 13 parity-even
non-dissipative non-hydrostatic coefficients and 3 parity-odd dissipative coefficients vanish on
imposing Onsager relations (microscopic reversibility). To avoid confusion with counting, we
would like to note that we have removed one parity-even hydrostatic coefficient by redefinition
of the U(1) phase ϕ.
An important point to note is that in this work we have only been interested in a broader
class of Galilean systems, and not the non-relativistic ones specifically. A system is said to be
Galilean if it respects Galilean symmetry transformations (as opposed to the Poincare´ transfor-
mations for the relativistic case). On the other hand a non-relativistic system is obtained by
taking c→∞ limit. Every non-relativistic system is Galilean as it respects Galilean symmetry
transformations, but the converse might not be true, i.e. not every Galilean system necessarily
follows from c → ∞ limit of a relativistic system. Keeping this in mind, most of the existing
literature on non-relativistic physics (e.g. non-relativistic fluid dynamics in [20]) actually refers
to Galilean physics, as it is more natural to formulate a theory with Galilean symmetry, than
it is to take a relativistic system and perform a non-relativistic limit (in addition, most of this
literature was written before special relativity was well explored). Following this philosophy,
here we have focused on Galilean (super)fluids, with the ambition to return to a rigorous anal-
ysis of non-relativistic (super)fluids in near future. At this point, we can only conclude that
a non-relativistic superfluid obtained as a low energy limit of some relativistic superfluid is at
least a subsystem of the Galilean superfluid studied in this paper.
Perhaps the most striking benefit of working in the offshell formalism is that it leads to a
complete classification of (super)fluid transport up to all orders in derivative expansion [22–24],
and provides a natural setting to attempt writing down a Wilsonian effective action describing
the entire (super)fluid dynamics [23, 33–38]. It will be interesting to undertake these ambitious
problems in context of null/Galilean (super)fluids, and we plan to return to these in future.
In this paper, we focused on breaking the internal U(1) symmetry of Galilean fluids and obtain
a null/Galilean superfluid. The same procedure can also be used to break spacetime symme-
tries, which lead to the formation of boundaries/surfaces in (super)fluids [39]. In an upcoming
paper [40], authors discuss the surface transport for relativistic and Galilean superfluids. Fi-
nally, first order computations of this paper can also be easily extended to higher orders; in an
ongoing project [41] we are looking at some interesting second order phenomenon in Galilean
(super)fluids.
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A | Equilibrium Partition Function
It was realized by [26, 27] that a huge part of the (super)fluid constitutive relations can be
fixed by requiring existence of an equilibrium partition function, which generates the part of
the constitutive relations that survive in equilibrium. In this appendix, we will discuss the
equilibrium partition function for Galilean superfluids. In hydrodynamics, equilibrium is defined
by a set of fields K = {KM ,ΛK} with KMKM < 0, which act on the background fields gMN ,
AM and the superfluid phase ϕ as an isometry,
δKgMN = ∇MKN +∇NKM = 0, δKAM = ∂M(ΛK +KNAN) +KNFNM = 0,
δKϕ = K
M∂Mϕ− ΛK = KMξM − (ΛK +KNAN) = 0. (A.1)
For simplicity, we choose a basis {xM} = {x−, t, xi} such that the null isometry V = {V =
∂−,ΛV = 0} and the equilibrium isometry K = {K = ∂t,ΛK = 0}. The fact that V, K are
isometries implies that all the fields are independent of x−, t coordinates. In this basis, we
decompose the background fields as,
ds2 = −2e−Φ(dt+ aidxi)(dx− −Btdt−Bidxi) + gijdxidxj,
A = −dx− +Atdt+Aidxi. (A.2)
We will denote the covariant derivative associated with the spatial metric gij by ∇´i. After
choosing the said basis, the residual diffeomorphisms are the spatial diffeomorphisms xi → xi+
χi(xj), mass gauge transformations x− → x−+χ−(xi) and Kaluza-Klein gauge transformations
t→ t+ χt(xi). Under mass gauge transformations, only fields that transform are,
δχ−Bi = −∂iχ−, δχ−Ai = −∂iχ−, (A.3)
while under Kaluza-Klein gauge transformations,
δχ+ai = ∂iχ
+, δχ+Bi = Bt∂iχ
+, δχ+Ai = At∂iχ
+. (A.4)
We define the fields,
B´i = Bi − aiBt, A´i = Ai − aiAt − B´i. (A.5)
B´i is mass gauge field which is invariant under Kaluza-Klein guage transformations. A´i on
the other hand is invariant under both mass and Kaluza-Klein gauge transformations, and
43 | A Equilibrium Partition Function
only transforms under the U(1). ai is Kaluza-Klein gauge field. Components of the superfluid
velocity ξM = ∂Mϕ+AM can be found as,
ξ− = −1, ξt = At, ξi = ∂iϕ+Ai. (A.6)
Out of these, ξi is not mass or Kaluza-Klein gauge invariant due to presence of Ai. We can
write an invariant version as,
ξ´i = ∂iϕ+ A´i. (A.7)
The superfluid potential can also be written in terms of these as,
µs = −1
2
ξMξM = −1
2
ξ´iξ´i − eΦAt + eΦBt, (A.8)
and we define µ´s = −12 ξ´iξ´i. Finally, the fundamental variables at equilibrium are,
Φ, At, Bt, ai, A´i, B´i, gij , ϕ. (A.9)
The argument is that at equilibrium, constitutive relations should be derivable from an equi-
librium partition function written in terms of these fundamental fields. In covariant terms,
variation of an equilibrium partition function W can be parametrized as,
δW =
∫
{dxM}√−g
(
1
2
TMNδgMN + J
MδAM +Kδϕ
)
. (A.10)
In our chosen basis it decomposes as,
δW =
∫ {
dxi
}√
g3
[
(Tt− + T−−Bt) δΦ + e
−Φ
(
T it + J
iAt
)
δai +
1
2
e−ΦT ijδgij
+
(
T−−δBt − e−Φ(T i− − J i)δB´i
)
−
(
J−δAt − e−ΦJ iδA´i
)
+ e−ΦKδϕ
]
, (A.11)
where g3 = det gij . Now, given the most generic partition function W [Φ, At, Bt, ai, A´i, B´i, gij , ϕ]
as a gauge invariant scalar functional of the fundamental fields, various components of the
currents TMN , JM , K can be read out in terms of W as,
T−− =
1√
g3
δW
δBt
, Tt− =
1√
g3
(
δW
δΦ
−Bt δW
δBt
)
,
T i− = −
eΦ√
g3
(
δW
δB´i
− δW
δA´i
)
, T it =
eΦ√
g3
(
δW
δai
−At δW
δA´i
)
, T ij =
2eΦ√
g3
δW
δgij
,
J− = − 1√
g3
δW
δAt
, J i =
eΦ√
g3
δW
δA´i
. (A.12)
Since these expressions are already in a “non-covariant notation”, we can easily perform null
reduction to read out the Galilean currents. We define a Galilean frame field to perform the
reduction,
vM(K) = −
KM
VMKM
+
KRKRV
M
2(VNKN)2
=


eΦBt
eΦ
0

 . (A.13)
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In vM(K) Galilean frame, the Galilean currents can be read out in terms of W as,
ρ =
1√
g3
δW
δBt
, ρi =
eΦ√
g3
(
δW
δB´i
− δW
δA´i
)
, tij(vK) =
2eΦ√
g3
δW
δgij
,
ǫ(vK ) =
eΦ√
g3
δW
δΦ
, ǫi(vK) =
e2Φ√
g3
(
−δW
δai
+ (At −Bt)δW
δA´i
+Bt
δW
δB´i
)
,
j =
1√
g3
δW
δAt
, ji =
eΦ√
g3
δW
δA´i
. (A.14)
Finally, we can write down the most general equilibrium partition function W up to first order
in derivatives as,
W =
∫
{dxi}√g3
[
e−ΦP + e−Φf1ξ´
i∂iΦ+ f2ξ´
i∂iAt + f3ξ´
i∂iBt + f4∇´i
(
ξ´i
∂P
∂µ´s
)
+ ∇´i(f5ξ´i)
+ (g1 + g2)ε
ijkξ´i∂jB´k + g2ε
ijkξ´i∂jA´k + (g1Bt + g2At − e−Φg3)εijkξ´i∂jak − C1εijkai∂jB´k
]
,
(A.15)
where the coefficients P , fi, gi are arbitrary functions of the scalars Φ, At, Bt and µ´s. C1 on the
other hand has to be a constant, so that integral of the term coupling to it is gauge invariant.
The term coupling to f4 is multiplied with the first order equation of motion of ϕ and hence can
be neglected. On the other hand, term coupling to f5 is a total derivative. Acute reader might
note that we have not included a term like to C0ε
ijkB´i∂jB´k. The reason is that this term does
not have a “covariant analogue” and hence is switched off by the second law of thermodynamics
[16]. Finally, this equilibrium partition function does not account for anomalies; for a discussion
on anomalous partition function for null fluids see [16, 19].
Varying the partition function W in eqn. (A.15) and using eqn. (A.14), we can read out the
equilibrium constitutive relations. We will not perform the explicit variation here, but one can
check that the constitutive relations gained are the same as the ones derived in the bulk of the
paper, after identifying the equilibrium values of the hydrodynamic fields,
uM |eqb = vM(K), T |eqb = eΦ, µn|eqb = eΦBt, µ|eqb = eΦAt. (A.16)
These can also be summarized as B|eqb = {βM ,Λβ}eqb = {KM ,ΛK} = K. Having established
that, the equilibrium value of the projected superfluid velocity is given as,
ζM |eqb = PMNξN |eqb =


0
0
ξ´i

 , (A.17)
and hence µˆs|eqb = µ´s. This finishes our discussion of equilibrium partition function for
null/Galilean superfluids.
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B | Calculational Details
In this appendix, we will give details of the computation regarding divergence of the free energy
current, glossed over in the main text. We will find the following identities useful in the following
computation: let S be a scalar and βµ be a vector, then,
∇µ(βµS) = 1√−g£β
(√−gS) = 1
2
Sgµν£βgµν +£βS. (B.1)
There is a corresponding null background version of this identity,
∇M(βMS) = 1√−g£β
(√−gS) = 1
2
SgMN£βgMN +£βS. (B.2)
Given a tensor Xµν , we have,
∇µ∇νX [µν] = 1
2
(∇µ∇ν −∇ν∇µ)Xµν
=
1
2
(Rµν
µ
ρX
ρν +Rµν
ν
ρX
µρ) =
1
2
(RνρX
ρν −RµρXµρ) = 0. (B.3)
Similarly,
∇M∇NX [MN] = 0. (B.4)
Relativistic Superfluid Free Energy Current: Let us start with relativistic superfluids.
The δB variation of hydrodynamic and superfluid fields can be computed to be,
δBT =
T
2
uµuνδBgµν , δB
(µ
T
)
=
1
T
uµδBAµ, δBµs =
1
2
ξµξνδBgµν − ξµδBAµ − ξµ∇µδBϕ,
δBµˆs =
1
2
(
ζµζν − 2(uρξρ)u(µζν)
)
δBgµν − ζµδBAµ − ζµ∇µδBϕ,
δBu
µ =
1
2
uµuρuνδBgρν , δBuµ =
(
2P (ρµ u
ν) − uµuρuν
) 1
2
δBgρν ,
δBζ
µ =
(
uµu(ρζσ) − Pµ(ρξσ)
)
δBgρσ +P
µνδBξν, δBζµ = (u
νξν)u
(ρP σ)µ δBgρσ +P
ν
µ δBξν .
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The first order parity-even free energy current N µ in eqn. (2.30) has a term 2f1u[µξν] 1T 2∂νT .
We compute its divergence,
∇µ
(
2f1u
[µζν]
1
T 2
∂νT
)
= f1ζ
ν 1
2T
∂νTg
ρσδBgρσ + δB
(
f1ζ
ν 1
T
∂νT
)
−∇µ
(
f1ζ
µ 1
T
δBT
)
= f1ζ
ν 1
2T
∂νTP
ρσδBgρσ + f1
1
T
∂νTδBζ
ν + ζν
1
T
∂νTδBf1
− f1ζν 1
2T
∂νTu
ρuσδBgρσ − f1ζν 1
T 2
∂νTδBT + f1ζ
ν 1
T
∂νδBT −∇µ
(
f1ζ
µ 1
T
δBT
)
= f1ζ
ν 1
2T
∂νTP
ρσδBgρσ + f1
1
T
∂νT
[(
uνu(ρζσ) − P ν(ρξσ)
)
δBgρσ + P
νρδBξρ
]
+ ζν
1
T
∂νT
(
∂f1
∂T
δBT +
∂f1
∂ν
δBν +
∂f1
∂µˆs
δBµˆs
)
− f1ζν 1
2T
∂νTu
ρuσδBgρσ −∇µ (f1ζµ) 1
T
δBT
=
[
uρuσ
(
αE,1Se,1 − 1
T
∇µ (Tf1ζµ)
)
+
(
ζρζσ − 2(uµξµ)u(ρζσ)
)
Se,1αRs,1
+ P˜ ρσf1Se,1 + 2u
(ρζσ)f1S5 − f12ξ(ρV σ)e,1
]
1
2
δBgρσ
+
[
uραQ,1Se,1 + f1V
ρ
e,1 − ζραRs,1Se,1
]
δBAρ +
[
f1V
ρ
e,1 − ζραRs,1Se,1
]
∂ρδBϕ. (B.6)
Performing a differentiation by parts,
∇µ
(
2f1u
[µζν]
1
T 2
∂νT +O(∂2)
)
=
[
uρuσ
(
αE,1Se,1 − 1
T
∇µ (Tf1ζµ)
)
+
(
ζρζσ − 2(uµξµ)u(ρζσ)
)
Se,1αRs,1
+ P˜ ρσf1Se,1 + 2u
(ρζσ)f1S5 − f12ξ(ρV σ)e,1
]
1
2
δBgρσ
+
[
uραQ,1Se,1 + f1V
ρ
e,1 − ζραRs,1Se,1
]
δBAρ −∇ρ
[
f1V
ρ
e,1 − ζραRs,1Se,1
]
δBϕ. (B.7)
From here we can read out the contributions to the constitutive relations eqn. (2.32). Similarly
divergence of the other term in eqn. (2.30) coupling to f2 can also be computed. Now, the first
order parity-odd free energy current N µ in eqn. (2.42) has a term g2βµS˜e,2 + g2V˜ µ2 . We can
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compute its divergence as,
∇µ
(
g2β
µS˜e,2 + g2V˜
µ
2
)
= ǫτνρσδB
(
g2T
1
2
ξτuνFρσ
)
−∇µ (ǫµτνσg2TξτuνδBAσ)
=
T
2
ǫτνρσξτuνFρσδBg2 +
1
2
g2ǫ
τνρσξτuνFρσδBT + ǫ
τνρσg2T
1
2
ξτFρσδBuν
+
T
2
g2ǫ
τνρσuνFρσδBξτ + ǫ
τνρσg2Tξτuν∇ρδBAσ −∇ρ (ǫτνρσg2TξτuνδBAσ)
=
T
2
ǫτνρσξτuνFρσ
(
∂g2
∂T
δBT +
∂g2
∂ν
δBν +
∂g2
∂µˆs
δBµˆs
)
+ ǫτνρσg2T
1
2
ξτFρσ2P
(ρ
ν u
σ) 1
2
δBgρσ
+
(
g2T
1
2
ǫµνρσuνFρσ −∇ρ (ǫρµτνg2Tξτuν)
)
δBAµ + g2T
1
2
ǫτνρσuνFρσ∇τδBϕ
=
[
uµuνα˜E,2S˜e,2 + 2g2u
(µV˜
ν)
e,4 +
(
ζµζν − 2(uρξρ)u(µζν)
)
α˜Rs,iS˜e,2 − ζµζν
g2
2µˆs
S˜e,2
]
1
2
δBgµν
+
[
uµα˜Q,2S˜e,2 + g2V
µ
e,2 − ζµα˜Rs,2S˜e,2 −∇ρ (ǫρµτνg2Tξτuν)
]
δBAµ
+
[
g2V
µ
e,2 − ζµα˜Rs,iS˜e,2
]
∇µδBϕ. (B.8)
Performing a differentiation by parts,
∇µ
(
g2u
µS˜e,2 + g2V˜2 +O(∂2)
)
=
[
uµuνα˜E,2S˜e,2 + 2g2u
(µV˜
ν)
e,4 +
(
ζµζν − 2(uρξρ)u(µζν)
)
α˜Rs,iS˜e,2 − ζµζν
g2
2µˆs
S˜e,2
]
1
2
δBgµν
+
[
uµα˜Q,2S˜e,2 + g2V
µ
e,2 − ζµα˜Rs,2S˜e,2 −∇ρ (ǫρµτνg2Tξτuν)
]
δBAµ
−∇µ
[
g2V
µ
e,2 − ζµα˜Rs,iS˜e,2
]
δBϕ. (B.9)
From here we can read out the contributions to the constitutive relations eqn. (2.43). Similarly
divergence of the other term in eqn. (2.42) coupling to g1 can also be computed. There is
another term in the parity-odd free energy current C1T
2ωµ; its divergence is given as,
∇µ
(
C1T
2ωµ
)
= −2C1Tǫµνρσuµ∂νT∂ρuσ + C1T 2ǫµνρσ∂µuν∂ρuσ
= 2C1T
3ω(µuν)δBgµν . (B.10)
This can be matched with the constitutive relations eqn. (2.43).
Null Superfluid Free Energy Current: We now move on to superfluids. The δB variation
of hydrodynamic and superfluid fields can be computed to be,
δBT = TV
(MuN)δBgMN , δBνn =
1
2T
uMuNδBgMN , δBν =
1
T
uMδBAM ,
δBµs =
1
2
ξMξNδBgMN − ξMδBAM − ξM∇MδBϕ,
δBµˆs =
1
2
(
ζMζN + 2ζ(MuN) − 2ζ(MV N)(uRξR)
)
δBgMN − ζMδBAM − ζM∇MδBϕ,
δBu
M =
(
2uMV (RuS) + V MuRuS
) 1
2
δBgRS, δBuM =
(
2P
(R
M u
S) − VMuRuS
) 1
2
δBgRS,
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δBζ
M =
(
−2ξ(RP S)M + 2ζ(RV S)uM + 2ζ(RuS)V M
) 1
2
δBgRS + P
MNδBξN ,
δBζM =
(
2(uNξN)P
(R
M V
S) − 2P (RM uS)
) 1
2
δBgRS + P
N
M δBξN . (B.11)
The first order parity-even free energy current NM in eqn. (3.24) has a term 2f1u[MζN] 1T 2 ∂NT .
We compute its divergence,
∇M
(
2f1u
[MζN]
1
T 2
∂NT
)
= f1ζ
N
1
2T
∂NTg
RSδBgRS + δB
(
f1
1
T
ζN∂NT
)
−∇M
(
f1ζ
M
1
T
δBT
)
= f1ζ
N
1
2T
∂NTP
RSδBgRS + f1
1
T
∂NTδBζ
N +
1
T
ζN∂NTδBf1
− f1ζN 1
T
∂NTV
RuSδBgRS − f1 1
T 2
ζN∂NTδBT + f1
1
T
ζN∂NδBT −∇M
(
f1ζ
M
1
T
δBT
)
= f1ζ
N
1
2T
∂NTP
RSδBgRS + f1
1
T
∂MT
[(
−2ξ(RP S)M + 2ζ(RV S)uM
) 1
2
δBgRS + P
MNδBξN
]
+
1
T
ζN∂NT
(
∂f1
∂T
δBT +
∂f1
∂ν
δBν +
∂f1
∂νn
δBνn +
∂f1
∂µˆs
δBµˆs
)
− f1ζN 1
T
∂NTV
RuSδBgRS −∇M (f1ζM) 1
T
δBT
=
[
2V (RuS)
(
αE,1Se,1 − 1
T
∇M (Tf1ζM)
)
+ uRuSαRn,1Se,1 + P˜
RSf1Se,1 − 2f1ξ(RV S)e,1
+
(
ζRζS + 2ζ(RuS) − 2ζ(RV S)(uMξM)
)
αRs,1Se,1 + 2ζ
(RV S)f1S6
]
1
2
δBgRS
+
[
uMαQ,1Se,1 − ζMαRs,1Se,1 + f1V Me,1
]
δBAM +
[
f1V
M
e,1 − ζMαRs,1Se,1
]
∇MδBϕ.
(B.12)
Performing a differentiation by parts,
∇M
(
2f1u
[MζN]
1
T 2
∂NT +O(∂2)
)
=
[
2V (RuS)
(
αE,1Se,1 − 1
T
∇M (Tf1ζM)
)
+ uRuSαRn,1Se,1 + P˜
RSf1Se,1 − 2f1ξ(RV S)e,1
+
(
ζRζS + 2ζ(RuS) − 2ζ(RV S)(uMξM)
)
αRs,1Se,1 + 2ζ
(RV S)f1S6
]
1
2
δBgRS
+
[
uMαQ,1Se,1 − ζMαRs,1Se,1 + f1V Me,1
]
δBAM +∇M
[
ζMαRs,1Se,1 − f1V Me,1
]
δBϕ.
(B.13)
From here we can read out the contributions to the constitutive relations eqn. (3.26). Similarly
divergence of the other terms in eqn. (3.24) coupling to f2, f3 can also be computed. Now, the
first order parity-odd free energy current NM in eqn. (3.36) has a term g2βM S˜e,2 + g2V˜ M3 . We
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can compute its divergence as,
∇M
(
g2β
M S˜e,2 + g2V˜
M
3
)
=
1
2
ǫNRSTKδB (g2TξNVRuSFTK)−∇T (ǫNRSTKg2TξNVRuSδBAK)
=
1
2
ǫNRSTKTξNVRuSFTKδBg2 +
1
2
ǫNRSTKg2TξNVRFTKδBuS +
1
2
ǫNRSTKg2ξNVRuSFTKδBT
+
1
2
ǫNRSTKg2TξNuSFTKδBVR +
1
2
ǫNRSTKg2TVRuSFTKδBξN
+ ǫNRSTKg2TξNVRuS∇TδBAK −∇T (ǫNRSTKg2TξNVRuSδBAK)
=
1
2
ǫNRSTKTξNVRuSFTK
(
∂g2
∂T
δBT +
∂g2
∂ν
δBν +
∂g2
∂νn
δBνn +
δg2
δµˆs
δBµˆs
)
− uAP BM g2T
1
2
ǫMNRTKVNuRFTKδBgAB +
1
2
ǫNRSTKg2TξNuSFTKP
B
R V
AδBgAB
−∇T (ǫTMNRSg2TξNVRuS) δBAM + 1
2
ǫNRSTKg2TVRuSFTKδBξN
=
[
2α˜E,2V
(MuN)S˜e,2 + α˜Rn,2u
MuN S˜e,2 − 2g2u(M V˜ N)e,2 − 2g2V (M V˜ N)e,4 − ζMζN
g2
2µˆs
S˜e,2
+
(
ζMζN + 2ζ(MuN) − 2ζ(MV N)(uRξR)
)
α˜Rs,2S˜e,2
]
1
2
δBgMN
+
[
uM α˜Q,2S˜e,2 + g2V˜e,2 − ζM α˜Rs,2S˜e,2 − PMK∇T (ǫTKNRSg2TξNVRuS)
]
δBAM
+
[
g2V˜e,2 − ζMα˜Rs,2S˜e,2
]
∇MδBϕ. (B.14)
Performing a differentiation by parts,
∇M
(
g2β
M S˜e,2 + g2V˜
M
3 +O(∂2)
)
=
[
2V (MuN)α˜E,2S˜e,2 + u
MuN α˜Rn,2S˜e,2 − 2g2u(M V˜ N)e,2 − 2g2V (M V˜ N)e,4 − ζMζN
g2
2µˆs
S˜e,2
+
(
ζMζN + 2ζ(MuN) − 2ζ(MV N)(uRξR)
)
α˜Rs,2S˜e,2
]
1
2
δBgMN
+
[
uM α˜Q,2S˜e,2 + g2V˜e,2 − ζM α˜Rs,2S˜e,2 − PMK∇T (ǫTKNRSg2TξNVRuS)
]
δBAM
+∇M
[
ζM α˜Rs,2S˜e,2 − g2V˜e,2
]
δBϕ. (B.15)
From here we can read out the contributions to the constitutive relations eqn. (3.37). Similarly
divergence of the other term in eqn. (3.36) coupling to g1 can also be computed. Divergence of
the term coupling to g3 is particularly simple,
∇M
(
g3V˜
M
1
)
= ∇M
(g3
T
ǫMNRSTVNuRζS∂TT
)
= −∇M (g3TǫMNRSTVNuRζS) ∂T
(
1
T
)
= V (MP
N)
P∇K (g3TǫPKRSTVRuSζT ) δBgMN . (B.16)
Finally the last term in parity-odd free energy current C1Tω
M has divergence,
∇M (C1TωM) = C1T 2ω(MV N)δBgMN . (B.17)
This can be matched with the constitutive relations eqn. (3.37).
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